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͋Δू߹Λ G ͱ͠ɼͦͷ೚ҙͷ 2 ͭͷཁૉʢݩɼelementʣx ͱ y ʹ͍ͭͯ͋Δԋࢉ ∗ Λࢪͯ͠ಘΒΕΔཁ
ૉ͕ G ʹଐ͢Δ΋ͷͱ͢Δɼ͢ͳΘͪ x ∗ y ∈ Gɻ
ఆٛ 1.1 (܈). ͋Δू߹ G ͱɼG ʹ͍ͭͯఆٛ͞Εͨԋࢉ ∗ ͕࣍ͷ৚݅Λຬͨ͢ͱ͖ G ͸ʢԋࢉ ∗ ʹؔͯ͠ʣ
܈ (group) Ͱ͋Δͱݴ͏ɻ
(1). ͢΂ͯͷ G ͷཁૉ x,y ͓Αͼ z ʹ͍ͭͯ (x ∗ y)∗z = x ∗(y∗z)ʢ݁߹๏ଇʣ͕੒Γཱͭɻ
(2). G ͷ͢΂ͯͷཁૉ x ʹ͍ͭͯ e∗x = x ∗e = x Λຬͨ͢ e ∈ G ͕ଘࡏ͢Δɻe Λ G ͷ୯Ґݩ(identity
element) ͱݺͿɻ
(3). G ͷ֤ཁૉ x ʹ͍ͭͯ x ∗x′ = x′∗x = e Λຬͨ͢ x′ ∈ G ͕ଘࡏ͢Δɻx′ Λ x ͷٯݩͱݺͿɻ
·ͨ
͢΂ͯͷ G ͷཁૉ x,y ʹ͍ͭͯ x ∗ y = y∗xʢަ׵๏ଇʣ
͕੒Γཱͭͱ͖ G ͸Մ׵܈ (commutative group) ·ͨ͸Ξʔϕϧ܈ (Abelian group) Ͱ͋Δͱݴ͏ɻ
܈ͷཁૉͷ਺ΛҐ਺ (order) ͱݺͿɻҐ਺͕༗ݶͷ܈Λ༗ݶ܈ɼҐ਺͕༗ݶͰ͸ͳ͍܈Λແݶ܈ͱݺͿɻ
ԋࢉ͸৐๏ʢֻ͚ࢉʣͷܗͰද͞ΕΔ͜ͱ͕ଟ͘ɼͦͷ৔߹ x ∗y ΛੵͱݺΜͰ୯ʹ xy ͱॻ͖ɼ୯Ґݩ͸ 1ɼ
x ͷٯݩ͸ x−1 ͱද͞ΕΔɻΞʔϕϧ܈ͷ৔߹ʹ͸ԋࢉΛՃ๏ʢ଍͠ࢉʣͰද͢͜ͱ͕͋Γɼͦͷ৔߹ x ∗ y
Λ࿨ͱݺΜͰ x + y ͱॻ͖ɼ୯Ґݩ͸ 0ɼx ͷٯݩ͸ −x ͱද͞ΕΔɻԋࢉ͕Ճ๏Ͱද͞ΕΔ৔߹Ξʔϕϧ܈
͸Ճ܈ (additive group) ͱ΋ݺ͹ΕΔɻ
࣍ͷྫ͕ࣔ͢Α͏ʹ݁߹๏ଇ͸ 3 ͭͷཁૉͷ৔߹͚ͩͰͳ͘ 4 ͭҎ্ͷཁૉͷ৔߹ʹ΋֦ு͞ΕΔɻ
ྫ 1.1 (Ұൠతͳ݁߹๏ଇ). ͋Δ܈ͷ 4 ͭͷཁૉ x1, x2, x3, x4 ʹ͍ͭͯ (x1x2) Λ 1 ͭͷཁૉͱݟΕ͹
((x1x2)x3)x4 =(x1x2)(x3x4) ͕੒Γཱͭɻಉ༷ʹͯ͠(x1x2)(x3x4)=x1(x2(x3x4))=x1((x2x3)x4)=(x1(x2x3))x4
͕ಘΒΕΔɻ
5 ͭҎ্ͷ৔߹ʹ΋ಉ༷ͷؔ܎͕੒Γཱͭ͜ͱΛؼೲతʹࣔ͢͜ͱ͕Ͱ͖Δɻ1 ܈ 4
ྫ 1.2 (܈ͷྫ). (1). ͢΂ͯͷ੔਺ͷू߹ɼ͢΂ͯͷ༗ཧ਺ͷू߹ɼ͢΂ͯͷ࣮਺ͷू߹͸ɼͦΕͧΕՃ๏Λ
ԋࢉͱ͢ΔΞʔϕϧ܈Ͱ͋Γɼ·ͨ͜ΕΒ͸ແݶ܈Ͱ͋Δɻ୯Ґݩ͸ 0ɼཁૉ x ͷٯݩ͸ −x Ͱ͋Δɻ
͢΂ͯͷ੔਺͔ΒͳΔ܈Λ Z Ͱද͢ɻ
(2). θϩΛআ͘༗ཧ਺ͷू߹ɼθϩΛআ࣮͘਺ͷू߹͸৐๏Λԋࢉͱ͢ΔΞʔϕϧ܈Ͱ͋Δɻ୯Ґݩ͸ 1ɼ
ཁૉ x ͷٯݩ͸ x−1 Ͱ͋Δɻ͜ΕΒ΋ແݶ܈Ͱ͋Δɻ
(3). ਖ਼ͷ੔਺ m ʹ͍ͭͯɼ ೚ҙͷ੔਺Λ m Ͱׂͬͨͱ͖ͷ༨Γ͕౳͍͠ͱ͖ɼ ͦΕΒͷ੔਺Λಉ͡΋ͷͱݟ
ͳͨ͠ू߹Λߟ͑Δͱɼ͜Ε͸Ճ๏Λԋࢉͱͯ͠܈ʹͳΔɻm Ͱׂͬͨͱ͖ͷ༨ΓΛ k(0 ≤ k ≤ m−1)
Ͱද͠ɼ༨Γ͕ k ͱͳΔ੔਺Λ k Ͱ୅දͤͯͦ͞ΕΛ [k] ͱॻ͘ͱɼ͜ͷ܈͸ {[0],[1],··· ,[m −1]} ͱ
ද͢͜ͱ͕Ͱ͖Δɻ੔਺ n ͸ n = ml +kʢl ͸͋Δ੔਺ʣͱද͞ΕΔͷͰɼผͷ੔਺Λ n′ = ml′+k′ʢl′
͸͋Δ੔਺ʣͱ͢Δͱ n+n′ = m(l +l′)+k+k′ ͱͳΓɼn+n′ Λ m Ͱׂͬͨͱ͖ͷ༨Γ͸ l, l′ ʹؔ܎
ͳ͘ k+k′ ͷ஋ʹΑܾͬͯ·Δɻ͕ͨͬͯ͠ k+k′ Λ m Ͱׂͬͨ༨Γ͕ k′′ Ͱ͋Ε͹ [k] ͱ [k′] ͷ࿨͸
[k′′] ʹ౳͍͠ɻ͜ͷ܈Λ Zm Ͱද͢ʢෛͷ਺ɼͨͱ͑͹ −3 Λ 4 Ͱׂͬͨͱ͖ͷ༨Γ͸ −3 = −4+1 ͱ
ݟͳͯ͠ 1 ͱͳΔʣ ɻ͜Ε͸Ґ਺ m ͷ༗ݶ܈Ͱ͋Γɼ୯Ґݩ͸ [0]ʢm ͰׂΓ੾ΕΔ਺Λ 0 Ͱ୅දͤ͞
ΔʣͰ͋Δɻ
1.2 ܈ͷجຊతͳੑ࣭
ԋࢉΛ৐๏Ͱɼ୯ҐݩΛ 1 Ͱදͯ͠܈ G ͷجຊతͳੑ࣭Λௐ΂Δɻ
ิ୊ 1.1. ܈ G ʹ͓͍ͯ͢΂ͯͷཁૉ x ʹ͍ͭͯ 1x = x1 = x Λຬͨ͢୯Ґݩ͸ͨͩ 1 ͭͰ͋Δɻ
ূ໌. f Λɼ͢΂ͯͷ x ∈ G ʹ͍ͭͯ f x = x Λຬͨ͢ G ͷཁૉͰ͋Δͱ͢Δͱɼ ʢx = 1 ͱͯ͠ʣf = f 1 = 1
ΛಘΔɻಉ༷ʹ g Λ͢΂ͯͷ x ∈ G ʹ͍ͭͯ xg = x Λຬͨ͢ G ͷཁૉͰ͋Δͱ͢Δͱɼ ʢx = 1 ͱͯ͠ʣ
g = 1g = 1 ΛಘΔɻ ,
ิ୊ 1.2. G ͷ֤ཁૉ x ͸ͨͩ 1 ͭͷٯݩ x−1 Λ࣋ͭɻ
ূ໌. ܈ͷఆٛʹΑͬͯ x ʹ͸গͳ͘ͱ΋ 1 ͭͷٯݩɼ͢ͳΘͪ xx−1 = x−1x = 1 Λຬͨ͢ x−1 ͕ଘࡏ͢Δɻ
z ͕ xz = 1 Λຬͨ͢೚ҙͷཁૉͰ͋Δͱ͠Α͏ɻ͢Δͱ z = 1z = (x−1x)z = x−1(xz) = x−11 = x−1 ͕ಘΒ
ΕΔ͔Β z = x−1 Ͱ͋Δɻಉ༷ʹ w ͕ wx = 1 Λຬͨ͢೚ҙͷཁૉͰ͋Δͱ͢Δͱɼw = w1 = w(xx−1) =
(wx)x−1 = 1x−1 = x−1 ΑΓ w = x−1 Ͱ͋Δɻ ,
୯Ґݩ 1 ͷٯݩ͸ 1 ࣗ਎Ͱ͋Δɻ
ิ୊ 1.3. x, y Λ G ͷཁૉͱ͢Δͱ (xy)−1 = y−1x−1 Ͱ͋Δɻ
ূ໌. ԋࢉͷ݁߹๏ଇΛ༻͍ͯ
(xy)(y−1x−1) = x(y(y−1x−1)) = x((yy−1)x−1) = x(1x−1) = xx−1 = 1
ΛಘΔɻಉ༷ʹ
(y−1x−1)(xy) = y−1((x−1x)y) = y−1(1y) = y−1y = 1
͕ͨͬͯ͠ (xy)−1 = y−1x−1 Ͱ͋Δɻ ,
x−1x = 1ʢ͓Αͼ xx−1 = 1ʣΑΓ (x−1)−1 = x Ͱ͋Δɻ
܈ G ͷ೚ҙͷཁૉ x ʹ͍ͭͯ x1 = x, x2 = xx, xn = xn−1x ͷΑ͏ʹද͠ɼ·ͨ x0 = 1 ͱఆٛ͢Δɻ͞Β
ʹ xn ͷٯݩΛ x−n Ͱද͢ɻͦͷͱ͖ xn ͸ x−n ͷٯݩͰ͋Δɻ1 ܈ 5
ఆཧ 1.4. x Λ G ͷ೚ҙͷཁૉͱ͢Δͱɼ͢΂ͯͷ੔਺ m, n ʹ͍ͭͯ xm+n = xmxn ͓Αͼ xmn = (xm)n ͕੒
Γཱͭɻ
ূ໌. (1). m =0 ·ͨ͸ n =0 ͷͱ͖ʹ͸໌Β͔ʹ xm+n = xmxn ͕੒Γཱͭɻm, n ͕ͱ΋ʹਖ਼ͷ৔߹Λߟ͑
Δɻ্ͷఆ͔ٛΒ xm+n = xm+n−1x =(xm+n−2x)x Ͱ͋Δ͕݁߹๏ଇʹΑͬͯ (xm+n−2x)x = xm+n−2x2
ΛಘΔɻಉ༷ʹͯ͠ؼೲతʹ xm+n = xmxn ͕ಘΒΕΔɻ
m, n ͕ͱ΋ʹෛͷ৔߹͸ɼxm+n = xn+m = (x−n−m)−1 ΑΓ −m, −n ͕ਖ਼Ͱ͋Δ͔Β xm+n =
(x−n−m)−1 = (x−nx−m)−1 = xmxn ͕ಘΒΕΔɻ
·ͨ m ͕ਖ਼ɼ n ͕ෛͷ৔߹͸্Ͱࣔͨ͠ m, n ͕ͱ΋ʹෛͷ৔߹ͷ݁ՌΑΓ xn = xn+1x−1 = xn+2(x−1)2
ͱͳΓؼೲతʹ xn = (x−1)−n ͕ಘΒΕɼ͕ͨͬͯ݁͠߹๏ଇΛ༻͍ͯ m +n = 0 ͷͱ͖͸ xmxn =
xm(x−1)−n = xm+n ͕ɼm +n < 0 ͷͱ͖͸ xmxn = xm(x−1)−n = (x−1)−(m+n) = xm+nʢ࣍ͷ (2) Ͱࣔ
͢ެࣜΛ༻͍ΔʣͱͳΔɻ
(2). ࣍ʹ xmn = (xm)n Λࣔ͢ɻn = 0 ͷͱ͖ʹ͸໌Β͔Ͱ͋Δɻn > 0 ͷͱ͖͸
xmn = xm(n−1)+m = xm(n−1)xm = xm(n−2)(xm)2
ΑΓؼೲతʹ xmn = (xm)n ͕ಘΒΕΔɻҰํ n < 0 ͷ৔߹ʹ͸ҎԼͷΑ͏ʹͯࣔ͠͞ΕΔɻ
xmn = x−m(−n) = (xm(−n))−1 = ((xm)−n)−1 = (xm)n
,
Ξʔϕϧ܈ʹ͍ͭͯԋࢉΛՃ๏Ͱද͢৔߹͸ xn ͸ nx ͱॻ͖ɼఆཧ 1.4 ʹ૬౰͢Δࣜ͸ (m+n)x = mx +nx
͓Αͼ (mn)x = m(n(x)) ͱද͞ΕΔɻ
1.3 ෦෼܈ɼ८ճ܈
ఆٛ 1.2 (෦෼܈). ͋Δ܈ G ͷ෦෼ू߹ H ͕࣍ͷ৚݅Λຬͨ͢ͱ͖ G ͷ෦෼܈ (subgroup) Ͱ͋Δͱݴ͏ɻ
(1). G ͷ୯Ґݩ͸ H ͷཁૉͰ͋Δɻ
(2). H ͷ೚ҙͷ 2 ͭͷཁૉͷੵ͸ H ͷཁૉͰ͋Δɻ
(3). H ͷ೚ҙͷཁૉͷٯݩ͸ H ͷཁૉͰ͋Δɻ
෦෼܈ʹ͍ͭͯҎԼͷิ୊ΛಘΔɻ
ิ୊ 1.5. X Λ G ͷཁૉͱ͢Δͱɼ֤੔਺ n ʹ͍ͭͯ xn Ͱද͞ΕΔ G ͷཁૉͷશମ͸ G ͷ෦෼܈Ͱ͋Δɻ
ূ໌. H ={xn : n ∈Z} ͱ͢Δɻx0 ͕ G ͷ୯ҐݩͰ͋Δ͔Β୯Ґݩ͸ H ʹଐ͢ΔɻH ͷ 2 ͭͷཁૉΛ xm, xn
ͱ͢Δͱ xmxn = xm+nʢఆཧ 1.4ʣʹΑͬͯͦΕΒͷੵ͸ H ͷཁૉͰ͋Δɻ·ͨ H ͷཁૉ xn ͷٯݩ (xn)−1
ʹ͍ͭͯ (xn)−1 = x−n ͕੒ΓཱͭͷͰɼ΍͸Γ H ͷཁૉͰ͋ΔɻҎ্ʹΑΓ H ͸ G ͷ෦෼܈ͱͳΔɻ ,
ิ୊ 1.6. H, K Λ G ͷ෦෼܈ͱ͢ΔͱɼH ∩K ΋ G ͷ෦෼܈Ͱ͋Δɻ
ূ໌. G ͷ୯Ґݩ͸ H ʹ΋ K ʹ΋ଐ͍ͯ͠ΔͷͰ H ∩ K ʹଐ͍ͯ͠Δɻx, y Λ H ∩ K ͷ೚ҙͷ 2 ͭͷཁૉ
ͱ͢Δͱ xy ͸ H ʹ΋ K ʹ΋ଐ͢ΔͷͰ H ∩ K ʹଐ͢Δɻ͞Βʹ x ∈ H ∩ K ͷٯݩ x−1 ͸ H ʹ΋ K ʹ΋
ଐ͢ΔͷͰ H ∩K ʹଐ͢Δɻ͕ͨͬͯ͠ H ∩ K ͸ G ͷ෦෼܈Ͱ͋Δɻ ,
͜ͷิ୊ʹΑΓ͋Δ܈ G ͷ 3 ͭҎ্ͷ෦෼܈ͷڞ௨෦෼΋ G ͷ෦෼܈Ͱ͋Δ͜ͱΛؼೲతʹࣔ͢͜ͱ͕Ͱ
͖Δɻ1 ܈ 6
ఆٛ 1.3 (x ͷҐ਺ɼx ʹΑͬͯੜ੒͞ΕΔ෦෼܈ɼ८ճ܈). ܈ G ͷཁૉ x ʹ͍ͭͯ xn = 1 ͱͳΔΑ͏ͳ࠷খ
ͷਖ਼ͷ੔਺ n Λ x ͷҐ਺ (orderʣͱݴ͏ɻ·ͨɼ͋Δ੔਺ n ʹ͍ͭͯ xn Ͱද͞ΕΔཁૉ͚͔ͩΒͳΔ G ͷ
෦෼܈Λ x ʹΑͬͯੜ੒͞Εͨ (generated) ෦෼܈Ͱ͋Δͱݴ͍ɼx Λ G ͷੜ੒ݩͱݺͿɻ܈ G ͷ͢΂ͯͷ
ཁૉ͕ɼ1 ͭͷཁૉ x ͓Αͼ੔਺ n ʹΑͬͯ xn ͱද͞ΕΔͱ͖ G Λ८ճ܈ (cyclic group) ͱݺͿɻx ͷҐ਺
͕ n Ͱ͋Ε͹ x ʹΑͬͯੜ੒͞ΕΔ८ճ܈ͷҐ਺΋ n Ͱ͋Δ*1ɻ
ྫ 1.3. (1). Ճ๏Λԋࢉͱ͢Δ͢΂ͯͷ੔਺͔ΒͳΔ܈ Z ͸ 1 ʹΑͬͯੜ੒͞ΕΔҐ਺ແݶͷ८ճ܈Ͱ͋
Γɼ1 ͕ͦͷੜ੒ݩͰ͋Δɻ͜Ε͸ແݶ८ճ܈ͱݺ͹ΕΔɻ
(2). ਖ਼ͷ੔਺ m ʹ͍ͭͯɼ೚ҙͷ੔਺Λ m Ͱׂͬͨͱ͖ͷ༨Γ͕౳͍͠ͱ͖ɼͦΕΒͷ੔਺Λಉ͡΋ͷͱ
ݟͳͨ͠܈ Zm ͸Ճ๏Λԋࢉͱ͢ΔҐ਺ m ͷ८ճ܈Ͱ͋Δɻ͜ͷΑ͏ͳ܈Λ༗ݶ८ճ܈ͱݺͿɻ
1.4 ৒༨ྨ
ఆٛ 1.4 (৒༨ྨ). H Λ܈ G ͷ෦෼܈ɼx Λ G ͷཁૉͱ͢Δɻ࣍ͷࣜͰද͞ΕΔ G ͷ෦෼ू߹Λ G ʹ͓͚Δ
H ͷࠨ৒༨ྨ (left coset) ͱݴ͏ɻ
xH = {y ∈ G : ͋Δ h ∈ H ʹ͍ͭͯ y = xh}
ಉ༷ʹ࣍ͷࣜͰද͞ΕΔ G ͷ෦෼ू߹Λ G ʹ͓͚Δ H ͷӈ৒༨ྨ (right coset) ͱݴ͏ɻ
Hx = {y ∈ G : ͋Δ h ∈ H ʹ͍ͭͯ y = hx}
x ͱͯ͠୯ҐݩΛͱΕ͹ H ࣗ਎͕ G ͷࠨʢ·ͨ͸ӈʣ৒༨ྨͰ͋Δ͜ͱ͕Θ͔Δɻ
ิ୊ 1.7. H Λ܈ G ͷ෦෼܈ͱ͢Δͱ G ʹ͓͚Δ H ͷࠨ৒༨ྨ͸࣍ͷੑ࣭Λ࣋ͭɻ
(1). ͢΂ͯͷ x ∈ G ʹ͍ͭͯ x ∈ xH Ͱ͋Δɻ
(2). x, y Λ G ͷཁૉͱ͢Δɻͦͷͱ͖ɼ͋Δ a ∈ H ʹ͍ͭͯ y = xa ͕੒ΓཱͭͳΒ͹ xH = yHɼ͢ͳΘ
ͪ 2 ͭͷࠨ৒༨ྨ͸Ұக͢Δɻ
(3). x, y Λ G ͷཁૉͱ͢Δɻͦͷͱ͖ xH ∩ yH ̸= ∅ ͳΒ͹ xH = yH Ͱ͋Δɻ
ূ໌. (1). x ∈ G ͱ͢Δͱ x = x1 Ͱ͋Δʢ1 ͸ G ͷ୯Ґݩʣ ɻ෦෼܈ͷఆٛʹΑͬͯ 1 ∈ H Ͱ͋Δ͔Β
x ∈ xH Ͱ͋Δɻ
(2). x, y Λ G ͷཁૉͱ͠ɼ͋Δ a ∈ H ʹ͍ͭͯ y = xa ͕੒ΓཱͭͱԾఆ͢Δɻ͢Δͱ͢΂ͯͷ h ∈ H ʹͭ
͍ͯ yh = x(ah) ͓Αͼ xh = y(a−1h) ͕੒ΓཱͭɻH ͸ G ͷ෦෼܈Ͱ͋Δ͔Β ah ∈ H ͔ͭ a−1h ∈ H
Ͱ͋Δɻ͕ͨͬͯ͠ yH ⊂ xH ͓Αͼ xH ⊂ yH ͕ಘΒΕΔ͔ΒɼxH = yH Ͱ͋Δɻ
(3). G ͷ 2 ͭͷཁૉ x, y ʹ͍ͭͯ xH ∩ yH ̸= ∅ Ͱ͋ΔͱԾఆ͢Δɻz ∈ xH ∩ yH ͱ͢Δͱɼ͋Δ a ∈ H
͓Αͼ b ∈ H ʹ͍ͭͯ z = xaɼz = yb ͱද͞ΕΔɻ͕ͨͬͯ͠ (2) ΑΓ zH = xH ͔ͭ zH = yH ͕
ಘΒΕΔ͔Β xH = yH Ͱ͋Δɻ
,
ิ୊ 1.8. H Λ܈ G ͷ༗ݶͳʢཁૉͷ਺͕༗ݶݸͰ͋Δʣ෦෼܈ͱ͢ΔͱɼG ʹ͓͚Δ H ͷ͋ΒΏΔࠨ৒༨
ྨ͸ H ͱಉ͡਺ͷཁૉΛ࣋ͭɻ
*1 xn = 1 ͳΒ͹ xn+1 = x ͳͲͱͳΓҟͳΔཁૉ͸ n ݸͰ͋Δɻ1 ܈ 7
ূ໌. H = {h1,h2,··· ,hm} ͱ͠ʢh1, h2, :::, hm ͸͢΂ͯҟͳΔཁૉͰ͋Δʣ ɼx Λ G ͷཁૉͰ͋Δͱ͢Δͱɼ
ࠨ৒༨ྨ xH ͸ j = 1,2,:::,m ʹ͍ͭͯ xhj Ͱද͞ΕΔཁૉ͔ΒͳΔɻj ͱ k Λ xhj = xhk Λຬͨ͢ 1 ͱ m
ͷؒͷ੔਺ͱ͢Δɻ͢Δͱ hj = x−1(xhj) = x−1(xhk) = hk ͱͳΔ͔Β j = k Ͱͳ͚Ε͹ͳΒͳ͍ɻ͕ͨͬ͠
ͯ xh1, xh2, :::, xhm ͸͢΂ͯҟͳΔཁૉͰ͋Δ͔Β xH ͸ H ͱಉ͡਺ͷཁૉΛ࣋ͭɻ ,
1.5 ਖ਼ن෦෼܈ͱ঎܈
AɼB Λ܈ G ͷ෦෼ू߹ͱ͢Δͱ A ͱ B ͷੵ AB ͕࣍ͷΑ͏ʹఆٛ͞ΕΔɻ
AB = {xy : x ∈ Aɼy ∈ B}
ಛʹ x Λ G ͷ೚ҙͷཁૉɼA Λ G ͷ෦෼ू߹ͱͯ͠ɼ{x}AɼA{x} Λ xAɼAx Ͱද͢ɻ܈ͷԋࢉͷ݁߹๏ଇ
ʹΑΓ (AB)C = A(BC) ͕ಘΒΕΔʢA, B, C ͸ G ͷ೚ҙͷ෦෼ू߹ʣ ɻ͕ͨͬͯ͠ (AB)C, A(BC) ͷ୅ΘΓ
ʹ ABC ͱॻ͘͜ͱ͕Ͱ͖ɼ4 ͭҎ্ͷू߹ͷੵʹ͍ͭͯ΋ಉ༷ʹදͤΔɻ
A, B, C ͕ G ͷ෦෼ू߹Ͱ͋Δͱͯ͠ɼA ⊂ B ͳΒ͹໌Β͔ʹ AC ⊂ BC ͔ͭ CA ⊂ CB ͕੒Γཱͭɻ
H ͕܈ G ͷ෦෼܈Ͱ͋Δͱ͢ΔɻH ͷ 2 ͭͷཁૉͷੵ͸ H ͷཁૉͰ͋Δ͔Β HH ⊂ H Ͱ͋Δɻ·ͨ೚
ҙͷ h ∈ H ʹ͍ͭͯ h = h1ʢ1 ͸ G ͷ୯ҐݩͰɼͦΕ͸ H ͷཁૉͰ΋͋Δʣ͕੒Γཱ͔ͭΒ H ⊂ HH Ͱ͋
Δɻ͕ͨͬͯ͠ HH = H ΛಘΔɻ
͜͜Ͱਖ਼ن෦෼܈Λఆٛ͢Δɻ
ఆٛ 1.5 (ਖ਼ن෦෼܈). ܈ G ͷ෦෼܈ N ͕࣍ͷ৚݅Λຬͨ͢ͱ͖ਖ਼ن෦෼܈ (normal subgroup) Ͱ͋Δͱݴ͏ɻ
͢΂ͯͷ n ∈ N ͓Αͼ x ∈ G ʹ͍ͭͯ xnx−1 ∈ N ͕੒Γཱͭɻ
ิ୊ 1.9. Ξʔϕϧ܈ͷ೚ҙͷ෦෼܈͸ਖ਼ن෦෼܈Ͱ͋Δɻ
ূ໌. G ΛΞʔϕϧ܈ɼN Λͦͷ෦෼܈ͱ͠ɼx ∈ Gɼn ∈ N ͱ͢Δͱ
xnx−1 = (xn)x−1 = (nx)x−1 = n(xx−1) = n1 = n
͕੒Γཱͭɻn ∈ N Ͱ͋Δ͔Β xnx−1 ∈ N Ͱ͋Δɻ ,
ิ୊ 1.10. ܈ G ͷ෦෼܈ N ͸࣍ͷ৚݅Λຬͨ͢ͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ G ͷਖ਼ن෦෼܈Ͱ͋Δɻ
͢΂ͯͷ x ∈ G ʹ͍ͭͯ xNx−1 = N ͕੒Γཱͭʢ͜Ε͸ {y : y = xnx−1, n ∈ N} = N ͱ͍͏ҙຯͰ
͋Δʣ ɻ
ূ໌. N ͕ G ͷਖ਼ن෦෼܈Ͱ͋Δͱ͠ɼx ∈ G ͱ͢Δͱ xNx−1 ⊂ N Ͱ͋Δɻx Λ x−1 Ͱஔ͖׵͑Δͱ
x−1Nx ⊂ N ͕ಘΒΕΔʢ͜ΕΒ͸ਖ਼ن෦෼܈ͷఆ͔ٛΒ௚઀ಋ͔ΕΔʣ ɻ͕ͨͬͯ͠ N = x(x−1Nx)x−1 ⊂
xNx−1 ΛಘΔʢ{y : y = x(x−1nx)x−1 = n, n ∈ N} = N Ͱ͋Δʣ ɻΑͬͯ xNx−1 = N Ͱ͋Δɻ
ٯʹ N ͕͢΂ͯͷ x ∈ G ʹ͍ͭͯ xNx−1 = N Λຬͨ͢ G ͷ෦෼܈Ͱ͋ΔͱԾఆ͢Δͱɼਖ਼ن෦෼܈ͷఆ
ٛʹΑͬͯ N ͸ G ͷਖ਼ن෦෼܈Ͱ͋Δɻ ,
ܥ 1.11. G ͷ෦෼܈ N ͸࣍ͷ৚݅Λຬͨ͢ͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ G ͷਖ਼ن෦෼܈Ͱ͋Δɻ
͢΂ͯͷ x ∈ G ʹ͍ͭͯ xN = Nx ͕੒Γཱͭɻ1 ܈ 8
ূ໌. N Λ G ͷ෦෼܈ͱ͠ɼx ∈ G ͱ͢ΔɻxNx−1 = N Ͱ͋Ε͹ xN = (xNx−1)x = Nx Ͱ͋Δɻٯʹ
xN = Nx Ͱ͋Ε͹ xNx−1 = Nxx−1 = N1 = N Ͱ͋Δʢ1 ͸ G ͷ୯Ґݩʣ ɻ͕ͨͬͯ͠ xNx−1 = N ͷͱ͖ɼ
·ͨͦͷͱ͖ʹͷΈ xN = Nx ͱͳΓɼิ୊ 1.10 ͔Β݁࿦ΛಘΔɻ ,
͜ͷܥ͸ G ͷਖ਼ن෦෼܈ N ͷӈ৒༨ྨ͸ৗʹࠨ৒༨ྨͰ΋͋Δ͜ͱΛҙຯ͢Δɻ͕ͨͬͯ͠ਖ਼ن෦෼܈ʹ
͍ͭͯ͸୯ʹ৒༨ྨ (coset) ͱݺͿ͜ͱʹ͢Δɻ
ิ୊ 1.12. N Λ܈ G ͷਖ਼ن෦෼܈ɼx, y Λ G ͷཁૉͱ͢Δͱɼ(xN)(yN) = (xy)N ͕੒Γཱͭɻ
ূ໌. N ͕ G ͷਖ਼ن෦෼܈Ͱ͋Δ͔Β yN = Ny Ͱ͋Γɼ͕ͨͬͯ͠
(xN)(yN) = x(Ny)N = x(yN)N = (xy)(NN)
ΛಘΔɻN ͕ G ͷ෦෼܈Ͱ͋Δ͜ͱ͔Β NN = N Ͱ͋ΔͷͰ (xN)(yN) = (xy)N ΛಘΔɻ ,
ิ୊ 1.13. N Λ܈ G ͷਖ਼ن෦෼܈ͱ͢Δɻͦͷͱ͖ɼG ʹ͓͚Δ N ͷ৒༨ྨશମͷू߹͸ʢू߹ಉ࢜ͷʣੵ
Λԋࢉͱ͢Δ܈ʹͳΓɼͦͷ୯Ґݩ͸ N ࣗ਎ɼ·ͨ೚ҙͷ x ∈ G ʹ͍ͭͯ xN ͷٯݩ͸ x−1N Ͱ͋Δɻ
ূ໌. x, y, z Λ G ͷ೚ҙͷཁૉͱ͢Δɻ৒༨ྨ xN ͱ yN ͷੵ͸ (xy)N ʹ౳͍͠ʢิ୊ 1.12ʣ ɻ͜Ε΋ࠨ৒
༨ྨͰ͋ΔɻN = 1N Ͱ͋Δ͔Β N ࣗ਎΋ G ʹ͓͚Δ N ͷ৒༨ྨͷ 1 ͭͰ͋Δɻ͞Βʹ೚ҙͷ x ∈ G ʹͭ
͍ͯ
(xN)N = (xN)(1N) = (x1)N = xN
N(xN) = (1N)(xN) = (1x)N = xN
(xN)(x−1N) = (xx−1)N = N
(x−1N)(xN) = (x−1x)N = N
͕੒Γཱͭɻ্ͷ 2 ͭͷࣜʹΑͬͯ N ͸୯ҐݩͱͳΔɻ·ͨԼͷ 2 ͭͷࣜʹΑͬͯ xN ͱ x−1N ͕ޓ͍ʹٯ
ݩʹͳΔɻҎ্ʹΑͬͯ N ͷ৒༨ྨશମͷू߹͸܈ͷఆٛʹඞཁͳ৚݅Λຬ͍ͨͯ͠Δɻ ,
ఆٛ 1.6 (঎܈). N ͕܈ G ͷਖ਼ن෦෼܈Ͱ͋Δͱ͢Δɻ্Ͱఆٛͨ͠ू߹ಉ࢜ͷੵΛԋࢉͱͯ͠܈ͷ৚݅Λຬ
ͨ͢ N ͷ G ʹ͓͚Δ৒༨ྨͷू߹Λ঎܈ (quotient group) ͱݺͼ G=N Ͱද͢ɻ
঎܈ G=N ʹ͓͍ͯ x,y ∈ G ʹ͍ͭͯ xN = yN Ͱ͋ΔͳΒ͹ xN ͱ yN ͸ಉ͡ཁૉͱݟͳ͞ΕɼͦΕΛ
xN Ͱ୅දͤ͞Δ৔߹ [x] ͱද͢ɻ
ྫ 1.4 (৒༨ྨͱ঎܈ͷྫ). Ճ๏Λԋࢉͱ͢Δ੔਺શମͷ܈͸ Z Ͱද͞ΕΔɻ੔਺ͷ಺ 5 ͷഒ਺ͷશମ͔Βͳ
Δू߹Λ
(5) = {5n : n ∈ Z}
ͱද͢ͱɼ͜Ε͸Ճ๏Λԋࢉͱͯ͠ Z ͷਖ਼ن෦෼܈ͱͳΔ*2ɻ(5) ͷ Z ʹ͓͚Δ৒༨ྨ͸ɼ੔਺ x, y ͳͲʹର
ͯ͠ x(5) = {xm : m ∈ (5)}ɼy(5) = {ym : m ∈ (5)}ʢ͋Δ͍͸ x +m, y+mʣͳͲͱද͞ΕΔ͕ɼx ͱ y ͷ͕ࠩ
5 ͷഒ਺ʢ͢ͳΘͪ͋Δ a ∈ (5) ʹ͍ͭͯ y = x +a ͱද͞ΕΔʣͳΒ͹ x(5) = y(5) ͱͳΓɼ৒༨ྨ͸ [0], [1],
[2], [3], [4] ͷ 5 ͔ͭ͠ͳ͍ɻ֤ཁૉͷੵʢ͜ͷ৔߹͸࿨ʣ͸ [1]+[2] = [3], [3]+[4] = [2] ͳͲͱͳΔɻ͜ͷ
5 ͭͷ৒༨ྨ͔ΒͳΔ܈͕঎܈ Z=(5) Ͱ͋Δɻ
*2 5 ͷഒ਺ͷ࿨͸΍͸Γ 5 ͷഒ਺Ͱ͋Γɼ͋Δ 5 ͷഒ਺Λ m ͱ͢Δͱ೚ҙͷ੔਺ n ʹ͍ͭͯ n+m−n = m ͸΋ͪΖΜ 5 ͷഒ
਺Ͱ͋Δɻ1 ܈ 9
ಉ༷ʹ 10 ͷഒ਺ͷશମ͔ΒͳΔू߹Λ
(10) = {10n : n ∈ Z}
ͱ͢Δͱɼ৒༨ྨ͸ [0], [1], [2], [3], [4], [5], [6], [7], [8], [9] ͷ 10 ݸͱͳΓɼ͜ͷ 10 ݸͷ৒༨ྨ͔ΒͳΔ܈͕
঎܈ Z=(10) Ͱ͋Δɻ
1.6 ४ಉܕͱಉܕɼ܈ͷ௚ੵ
ఆٛ 1.7. ܈ G ͔Β܈ K ΁ͷؔ਺  : G → K Ͱ࣍ͷ৚݅Λຬͨ͢΋ͷΛ४ಉܕʢ·ͨ͸४ಉܕࣸ૾ʣ
(homomorphism) ͱݺͿɻ
೚ҙͷ g1 ∈ G, g2 ∈ G ʹ͍ͭͯ (g1g2) = (g1)(g2)
ิ୊ 1.14.  : G → K Λ४ಉܕɼG, K ͷ୯ҐݩΛͦΕͧΕ 1G, 1K ͱ͢Δͱ (1G) = 1K Ͱ͋Γɼ·ͨ͢΂ͯ
ͷ x ∈ G ʹ͍ͭͯ (x−1) = (x)−1(= ((x))−1) ͕੒Γཱͭɻ
ূ໌. z = (1G) ͱ͢Δͱɼz2 = (1G)(1G) = (12
G) = (1G) = z ͱͳΔɻz ͷٯݩΛ z−1 ͱ͢Δͱ z−1z2 =
z = z−1z = 1K ͕ಘΒΕΔɻ
x Λ G ͷཁૉͱ͢Δɻ(x−1) ͸ (x)(x−1) = (xx−1) = (1G) = 1K Λຬͨ͠ɼಉ༷ʹ (x−1)(x) =
(x−1x) = 1K Λຬͨ͢ɻ͕ͨͬͯ͠ (x−1) = (x)−1 Ͱ͋Δɻ ,
४ಉܕ  : G → K ͕ G ͔Β K ΁ͷશ୯ࣹͷͱ͖͸ಉܕ (isomorphism) ͱݺ͹Εɼͦͷͱ͖͸܈ G ͱ܈ K
͸ಉܕ (isomorphic) Ͱ͋Δͱݴ͍ G ∼ = K ͱද͢ɻG ͱ K ͕ಉܕͳΒ͹ɼG ͷཁૉͱ K ͷཁૉͱ͸ 1 ର 1 ʹ
ରԠ͠ɼಉܕͳ܈͸ಉ͡܈ͱݟͳ͞ΕΔɻ໌Β͔ʹಉܕͱ͍͏ؔ܎͸ಉ஋ؔ܎Ͱ͋Δɻ͢ͳΘͪ G ͱ H ͕ಉ
ܕͰɼH ͱ K ͕ಉܕͳΒ͹ G ͱ K ΋ಉܕͱͳΔɻ
ఆٛ 1.8 (४ಉܕͷ֩). ४ಉܕ  : G → K ʹΑͬͯ K ͷ୯ҐݩʹҠ͞ΕΔཁૉશମͷू߹ʢG ͷ෦෼ू߹ʣΛ
 ͷ֩ʢkernelʣͱݺͼ ker  ͱද͢ɻ
ิ୊ 1.15. ker  = {1G} Ͱ͋Ε͹ɼ·ͨͦͷͱ͖ʹͷΈ४ಉܕ  : G → K ͸୯ࣹͰ͋Δɻ
ূ໌.  ͕୯ࣹͰ͋Δͱ͢Δɻker  ͷ೚ҙͷཁૉ a ʹ͍ͭͯ (a) = 1K ͱͳΔ͕ (1G) = 1K Ͱ͋Δ͔Β
(a) = (1G) Ͱ͋Δɻ ͸୯ࣹͰ͋Δ͔Β a = 1G ͱͳΓ ker  = {1G} Ͱ͋Δɻ
ٯʹ ker  = {1G} ͱԾఆ͢Δɻ(a) = (b) ͳΒ͹ (ab−1) = (a)(b)−1 = 1K Ͱ͋Γ ab−1 ∈ ker  ͕ಘΒ
ΕΔɻ͕ͨͬͯ͠ ab−1 = 1Gɼ͢ͳΘͪ a = b Ͱ͋Δ͔Β  ͸୯ࣹͰ͋Δɻ ,
ิ୊ 1.16. G, K Λ܈ɼ : G → K Λ G ͔Β K ΁ͷ४ಉܕͱ͢Δɻͦͷͱ͖  ͷ֩ ker  ͸ G ͷਖ਼ن෦෼܈
Ͱ͋Δɻ
ূ໌. x, y Λ ker  ͷཁૉɼ1K Λ K ͷ୯Ґݩͱ͢Δͱ (x) = 1K ͔ͭ (y) = 1K Ͱ͋ΔɻҰํ (xy) =
(x)(y) = 1K1K = 1K Ͱ͋Δ͔Β xy ∈ ker  Ͱ͋Δɻ·ͨɼ(x−1) = (x)−1 = 1−1
K = 1K Ͱ͋Δ͔Β
x−1 ∈ ker  Ͱ͋Δɻ͕ͨͬͯ͠ ker  ͸ K ͷ෦෼܈Ͱ͋Δɻ͞Βʹɼg ∈ G, x ∈ ker  ͷͱ͖
(gxg−1) = (g)(x)(g)−1 = (g)(g)−1 = 1K
ΑΓ ker  ͸ K ͷਖ਼ن෦෼܈Ͱ͋Δ͜ͱ͕Θ͔Δɻ ,1 ܈ 10
ิ୊ 1.17. G, K Λ܈ɼ : G → K Λ G ͔Β K ΁ͷ४ಉܕͱ͠ɼ·ͨ N Λ G ͷਖ਼ن෦෼܈Ͱ N ⊂ ker  Ͱ
͋ΔͱԾఆ͢Δɻͦͷͱ͖४ಉܕ  : G → K ͔Β gN ∈ G=N Λ (g) ʹରԠͤ͞Δ४ಉܕ ˆ  : G=N → K ͕
ಋ͔ΕΔɻ͜ͷ ˆ  ʹ͍ͭͯ N = ker  ͷͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ ˆ  : G=N → K ͸୯ࣹͰ͋Δɻ
ূ໌. (1). x, y Λ G ͷཁૉͱ͢Δͱ x−1y ∈ N ͷͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ xN = yN Ͱ͋Δɻ͜Ε͸ҎԼ
ͷΑ͏ʹ֬ೝͰ͖Δɻ
x−1y ∈ N ͳΒ͹ɼ͋Δ n ∈ N ͕͋ͬͯ x−1y = n ͱͳΔ͕ɼͦͷͱ͖ y = xn ͱද͞ΕΔͷͰิ୊
1.7 ʹΑΓ xN = yN Ͱ͋Δɻٯʹ xN = yN Ͱ͋Ε͹͢΂ͯͷ n ∈ N ʹରͯ͋͠Δ n′ ∈ N ʹ͍ͭ
ͯ xn′ = yn ͱͳΔ͕ɼ͜Ε͔Β n′ = x−1yn ͱͳΓ x−1y = n′n−1 ∈ N ͕ಋ͔ΕΔɻ
·ͨɼx−1y ∈ ker  ͷͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ (x) = (y) Ͱ͋Δɻ͜Ε͸ҎԼͷΑ͏ʹ֬ೝͰ͖Δɻ
x−1y ∈ ker  ͳΒ͹ (x−1y) = (x)−1(y) = 1K ΑΓ (x) = (y) ͕ಘΒΕΔɻٯʹ (x) = (y)
Ͱ͋Ε͹ (x)−1(x) = (x−1)(y) = (x−1y) = 1K ΑΓ x−1y ∈ ker  ΛಘΔɻ
͕ͨͬͯ͠ N ⊂ker  ͷͱ͖ xN = yN ͳΒ͹ (x)=(y) ͱͳΓ  : G → K ͔Β xN ∈ G=N Λ (x) ʹ
ରԠͤ͞Δؔ਺ ˆ  : G=N → K ͕ಋ͔ΕΔɻˆ ((xN)(yN))= ˆ (xyN)=(xy)=(x)(y)= ˆ (xN)ˆ (yN)
Ͱ͋Δ͔Βɼ͜ͷؔ਺͸४ಉܕͰ͋Δɻ
(2). ࣍ʹ N = ker  ͱԾఆͯ͠ΈΑ͏ɻͦͷͱ͖ xN = yN ͳΒ͹ɼ·ͨͦͷ৔߹ʹͷΈ (x) = (y) Ͱ͋
Δɻ͕ͨͬͯ͠४ಉܕ ˆ  : G=N → K ͸୯ࣹʢҟͳΔ xN ͸ҟͳΔ (x) ʹҠ͞ΕΔʣͱͳΔɻٯʹ
ˆ  : G=N → K ͕୯ࣹͰ͋Ε͹ (1G) = 1K Ͱ͋Δ͔Β ˆ (1GN) = ˆ (N) = 1K Ͱ͋Γɼn ∈ N ʹ͍ͭͯ
ˆ (nN) = ˆ (N) = 1K Ͱ͋ΔͷͰ (n) = 1K Ͱͳ͚Ε͹ͳΒͣ N ͸  ͷ֩ (N = ker) Ͱ͋Δɻ
,
͜ͷิ୊͔Β࣍ͷఆཧ͕ಘΒΕΔɻ
ఆཧ 1.18 (४ಉܕఆཧ). G, K Λ܈ɼ : G → K Λ G ͔Β K ΁ͷ४ಉܕͱ͢Δͱ (G) ͱ G=ker ͸ಉܕɼ͢
ͳΘͪ (G) ∼ = G=ker  Ͱ͋Δ*3ɻ
ূ໌. ্ͷิ୊ʹΑΓ४ಉܕ ˆ  : G=ker  → K ͸୯ࣹͰ͋Δ͕ɼ K Λ (G) ʹஔ͖׵͑Ε͹શ୯ࣹͱͳΔɻ ,
ิ୊ 1.19. G Λ܈ɼH Λ G ͷ෦෼܈ɼN Λ G ͷਖ਼ن෦෼܈ͱ͢Δɻͦͷͱ͖ HN = {hn : h ∈ H, n ∈ N} Ͱ
ఆٛ͞ΕΔू߹͸ G ͷ෦෼܈Ͱ͋Δɻ
ূ໌. ·ͣ HN ͸ G ͷ୯ҐݩΛؚΉɻx, y Λ HN ͷཁૉͱ͢Ε͹ xy, x−1 ͕ HN ʹଐ͢Δ͜ͱΛࣔ͞ͳ͚
Ε͹ͳΒͳ͍ɻh, k Λ H ͷཁૉɼu, v Λ N ͷཁૉͱͯ͠ x = hu, y = kv ͱද͢͜ͱ͕Ͱ͖Δɻ͕ͨͬͯ͠
xy = hukv = (hk)(k−1ukv) Ͱ͋Δ͕ N ͸ਖ਼ن෦෼܈Ͱ͋Δ͔Β k−1uk ∈ N Ͱ͋Δɻ͕ͨͬͯ͠ k−1ukv ∈ N
Ͱ͋ΓɼҰํ hk ∈ H Ͱ͋Δ͔Β xy ∈ HN ͕ಋ͔ΕΔɻ
࣍ʹ x−1 ∈ HN Λࣔ͢ɻx−1 = u−1h−1 = h−1(hu−1h−1) Ͱ͋Δ͕ɼh−1 ∈ HʢH ͕ G ͷ෦෼܈Ͱ͋Δ͜ͱ
ΑΓʣ ɼhu−1h−1 ∈ N Ͱ͋ΔʢN ͕ G ͷਖ਼ن෦෼܈Ͱ͋Δ͜ͱΑΓʣ ɻ͕ͨͬͯ͠ x−1 ∈ HN ΛಘΔɻ ,
Ҏ্Λ΋ͱʹ࣍ͷఆཧΛಘΔɻ







*3 (G) ͸  ʹΑͬͯҠ͞ΕΔ G ͷཁૉͷ૾શମͷू߹Ͱ͋Γɼimage  ͱॻ͔ΕΔɻ
*4 1 ∈ H ͳͷͰɼ͢΂ͯͷ n ∈ N ʹ͍ͭͯ n ∈ HN Ͱ͋Δ͔Β N ⊂ HN Ͱ͋ΓɼN ͸ HN ͷਖ਼ن෦෼܈Ͱ͋Δɻ1 ܈ 11
ূ໌. HN=N ͷ֤ཁૉ͸͋Δ h ∈ H ʹ͍ͭͯ hN ͷܗͰද͞ΕΔ N ͷ৒༨ྨͰ͋Δɻ͕ͨͬͯ͠ɼ͢΂ͯͷ
h ∈ H ʹ͍ͭͯ '(h) = hN ͱ͓͘ͱ ' : H → HN=N ͸શࣹ४ಉܕͱͳΓ*5ɼ·ͨ ker ' = N ∩ H Ͱ͋Δɻ
͜Ε͸ɼn ∈ N ∩ H ʹ͍ͭͯ nN = N Ͱ͋Γɼx = ∈ N ʹ͍ͭͯ͸ xN ̸= N Ͱ͋Δ͜ͱɼ͓Αͼ঎܈ͷ
୯Ґݩ͸ N ࣗ਎Ͱ͋Δ͜ͱΑΓಋ͔ΕΔ*6ɻ
ఆཧ 1.18 ʹΑΓ '(H) ∼ = H=ker ' Ͱ͋Δ͔Β HN=N ∼ = H=(N ∩ H) ͕ಘΒΕΔʢ' ͕શࣹͰ͋Δ͔Β
'(H) = HN=N Ͱ͋Δʣ ɻ ,







ূ໌. ͢΂ͯͷ g ∈ G ʹ͍ͭͯ gM Λ gN ʹରԠͤ͞Δ४ಉܕ  : G=M → G=N ͕ఆٛ͞ΕΔɻ͞Βʹ
 : G=M → G=N ͸શࣹͰ͋Γ ker  = N=M Ͱ͋Δɻ
G ͷཁૉ g, h ͕ɼ͋Δ a ∈ M ʹ͍ͭͯ h = ga ͱද͞ΕΔͱ͖ gM = hM Ͱ͕͋ͬͨɼM ⊂ N Ͱ͋Δ
ʢ͕ͨͬͯ͠ a ∈ Nʣ͔Βͦͷͱ͖ gN = hN Ͱ΋͋ΔɻΑͬͯ gM = hM ͷͱ͖͸ৗʹ gN = hN Ͱ
͋Γɼ͢΂ͯͷҟͳΔ gN ʹରԠ͢Δ gM ͕ଘࡏ͢Δ͔Β  : G=M → G=N ͸શࣹͰ͋ΔʢgN ̸= hN
ͳΒ͹ gM ̸= hMʣ ɻ
n ∈ N ʹ͍ͭͯ (nM) = nN = N Ͱ͋ΔɻҰํɼg = ∈ N ʹ͍ͭͯ (gM) = gN ̸= N Ͱ͋Δ͔Β
ker  = N=M Ͱ͋Δɻ
ఆཧ 1.18 ΑΓ (G=M) ∼ = (G=M)=ker  Ͱ͋Δ͔ΒɼG=N ͱ (G=M)=(N=M) ͱ͸ಉܕͰ͋Δɻ ,
ఆٛ 1.9 (܈ͷ௚ੵ). G1, G2, ···, Gn Λ܈ͱ͠ɼG ΛͦͷσΧϧτੵΛ G = G1×G2×···×Gn ͱ͢ΔɻG ͷ
ཁૉ͸֤ xi ∈ Gi(i = 1,2,:::,n) ͱͯ͠ (x1,x2,:::,xn) ͱද͞Εɼ·ͨ G ͷ 2 ͭͷཁૉͷੵ͸
(x1,x2,:::,xn)(y1,y2,:::,yn) = (x1y1,x2y2,:::,xnyn)
ͷΑ͏ʹఆٛ͞ΕΔɻͦͷͱ͖ G ͸͜ͷԋࢉʹΑͬͯ܈ͱͳΔɻ݁߹๏ଇ͸֤੒෼ͷ݁߹๏ଇ͔Βಋ͔Εɼ




͜ͷΑ͏ͳ܈ G Λ G1, G2, ···, Gn ͷ௚ੵ (direct product) ͱݺͼɼG1×G2×···×Gn ͱද͢ɻ֤ Gi ͕Ξʔ
ϕϧ܈ͷ৔߹͸ԋࢉΛՃ๏Ͱද͠ɼ௚ੵΛ௚࿨ͱݺΜͰ G1⊕G2⊕···⊕Gn ͱද͢ɻ
Ξʔϕϧ܈ G ͷ೚ҙͷཁૉ g ͕ͦͷݩ x1ɼx2ɼ···ɼxn ʹΑͬͯ
g = n1x1+n2x2+···+nnxn ʢn1,n2,:::,nn͸੔਺ʣ
ͱද͞ΕΔͱ͖ x1ɼx2ɼ···ɼxn Λ G ͷੜ੒ݩͱݺͿɻಛʹͦΕΒ͕Ұ࣍ಠཱͰ͋Ε͹جʢbasisɼ͋Δ͍͸ج
ఈʣͱݺ͹ΕΔɻͦͷͱ͖ g ͷද͠ํ͸ҰҙͰ͋Δɻྫ͑͹ Z×Z ͷཁૉ g ͸ (1,0)ɼ(0,1) Λੜ੒ݩͱͯ͠
*5 HN ͷཁૉ͸ h ∈ Hɼn ∈ N ʹ͍ͭͯ hn ͱද͞ΕΔ͔ΒɼHN=N ͷཁૉ͸ hnN ͱද͞ΕΔू߹ {y ∈ G : y = hnn′, hn ∈
HN, n′ ∈ N} Ͱ͋Δ͕ nn′ ∈ N ͳͷͰ n′′ = nn′ ͱ͢Δͱ͜ͷू߹͸ {y ∈ G : y = hn′′, h ∈ H, n′′ ∈ N} ͱද͢͜ͱ͕Ͱ͖
Δɻ͜Ε͸ H=N ͱද͞ΕΔΑ͏ʹ΋ݟ͑Δ͕ N ͕ H ͷ෦෼܈Ͱ͋Δͱ͸ݶΒͳ͍ͷͰ H=N ͕ఆٛͰ͖ͳ͍৔߹΋͋Γ
ಘΔɻN ͕ H ͷ෦෼܈Ͱ͋Ε͹ HN = H Ͱ͋Δɻ·ͨ k ∈ H ʹ͍ͭͯ '(hk) = hkN = hNkN = '(h)'(k) Ͱ͋Δʢ४ಉ
ܕʣ ɻ
*6 n ∈ N ʹ͍ͭͯ xn ∈ N Ͱ͋Ε͹ɼ͋Δ n′ ∈ N ʹ͍ͭͯ xn = n′ ͱͳΔ͕ɼͦͷͱ͖ x = n′n−1 ∈ N ͱͳΓໃ६Ͱ͋Δɻ2 ୯ମతෳମɾ୯ମࣸ૾ͱ୯ମۙࣅఆཧ 12
g = n1(1,0)+n2(0,1) ͱද͞ΕΔ͕ɼ(1,1) ΛՃ͑ͯ g = n1(1,0)+n2(0,1)+n3(1,1) ͱද͢͜ͱ΋Ͱ͖Δɻ͠
͔͠ (1,0)ɼ(0,1)ɼ(1,1) ͸Ұ࣍ಠཱͰ͸ͳ͍ͷͰ͜ͷදݱ͸ҰҙͰ͸ͳ͍ɻ͜ΕΒ͸ੜ੒ݩͰ͸͋Δ͕جͰ͸




ఆٛ 2.1 (زԿֶతʹಠཱʢΞϑΟϯಠཱʣ). ͋ΔϢʔΫϦουۭؒ Rk ͷ఺ v0, v1, :::, vq ͕࣍ͷ৚݅Λຬͨ








ͷղ͸ 0 = 1 = ··· = q = 0 ͷΈͰ͋Δʢ0 ͸θϩϕΫτϧɼ͢ͳΘͪ͢΂ͯͷ੒෼͕ 0 ͷϕΫτϧͰ͋Δʣ ɻ
0 = 1 = ··· = q = 0 Ҏ֎ͷղ͕͋Ε͹ q +1 ݸͷ఺ͷগͳ͘ͱ΋Ұͭͷ࠲ඪ͕ଞͷ఺ͷ࠲ඪʹΑͬͯද
͞ΕΔ͜ͱʹͳΔɻ
3 ࣍ݩϢʔΫϦουۭؒ಺ʹɼಉҰ௚ઢ্ʹͳ͍ 3 ఺ΛͱΔͱҰͭͷ 2 ࣍ݩϢʔΫϦουۭؒ͢ͳΘͪฏ໘




ఆٛ 2.2 (୯ମ (simplex)). Rk ʹ͓͚Δ q ࣍ݩ୯ମͱ͸࣍ͷΑ͏ʹද͞ΕΔू߹Ͱ͋Δɻ
 q X
j=0





ͨͩ͠ v0, v1, :::, vq ͸زԿֶతʹಠཱͳ఺Ͱ͋Δɻ͜ΕΒ͸୯ମͷ௖఺ͱݺ͹ΕΔɻ·ͨ q Λ୯ମͷ࣍ݩ
(dimension) ͱݴ͏ɻ
0 ࣍ݩ୯ମ͸Ұͭͷ఺ɼ1 ࣍ݩ୯ମ͸ 2 ఺Λ݁Ϳઢ෼ɼ2 ࣍ݩ୯ମ͸ 3 ఺Λ௖఺Λ͢Δࡾ֯ܗɼ3 ࣍ݩ୯ମ͸
4 ఺Λ௖఺Λ͢Δ࢛໘ମͰ͋Δɻ







tj = 1, 0 ≤ tj ≤ 1, j = 0,1.:::,q








j=0sj = 1 Ͱ
͋Δͱ͢Δͱ
Pq
j=0(tj −sj)vj = 0ɼ
Pq
j=0(tj −sj) = 0 ͱͳΓɼv0, v1, :::, vq ͕زԿֶతʹಠཱͰ͋Δ͜ͱ͔
Β͢΂ͯͷ j ʹ͍ͭͯ tj −sj = 0 ΛಘΔɻt0, t1, :::, tq Λ఺ x ͷॏ৺࠲ඪͱݺͿɻ2 ୯ମతෳମɾ୯ମࣸ૾ͱ୯ମۙࣅఆཧ 13
͜͜Ͱ࣍ͷิ୊Λࣔ͢
ิ୊ 2.1. q ΛෛͰͳ͍੔਺ɼ ΛϢʔΫϦουۭؒ Rm ʹ͓͚Δ q ࣍ݩ୯ମɼ·ͨ  Λ Rn(n ̸= m) ʹ͓͚Δ
q ࣍ݩ୯ମͱ͢Δͱʢm ≥ q, n ≥ qʣ ɼ ͱ  ͸ಉ૬Ͱ͋Δɻ
ূ໌. v0, v1, :::, vq Λ  ͷ௖఺ɼw0, w1, :::, wq Λ  ͷ௖఺ͱ͠ɼ ্ͷ఺
Pq





















ఆٛ 2.3 (໘ (face)).  ͱ  Λ Rk ʹ͓͚Δ୯ମͰ͋Δͱ͢Δɻ ͷ௖఺ͷू߹͕  ͷ௖఺ͷू߹ͷ෦෼ू߹
Ͱ͋Δʢ ͷ͢΂ͯͷ௖఺͕  ͷ௖఺Ͱ΋͋Δʣͱ͖  ͸  ͷ໘Ͱ͋Δͱݴ͏ɻ͋Δ୯ମͷ 1 ࣍ݩͷ໘Λล
(edge) ͱݺͿɻ
୯ମ  ࣗ਎΋  ͷ໘Ͱ͋Γɼ ͷ௖఺ɼลʢ1 ࣍ݩ୯ମʣ΋  ͷ໘Ͱ͋Δɻͨͱ͑͹ 3 ࣍ݩ୯ମʢ࢛໘ମʣ
ͷ৔߹ɼͦΕࣗ਎ɼͦͷ֤໘ (4 ͭ͋Δ)ɼ֤ล (6 ͭ͋Δ)ɼ֤௖఺ʢ4 ͭ͋Δʣ͕͜͜Ͱݴ͏໘Ͱ͋Δɻ
୯ମͦΕࣗ਎Ͱ͸ͳ͍୯ମͷ໘Λਅͷ໘ (proper face) ͱݺͿ͜ͱʹ͢Δɻ
͞Βʹ୯ମతෳମΛఆٛ͢Δɻ
ఆٛ 2.4 (୯ମతෳମ (simplicial complex)). Rk ʹ͓͚Δ༗ݶݸͷ୯ମͷू߹ K ͕࣍ͷ৚݅Λຬͨ͢ͱ͖୯ମ
తෳମͰ͋Δͱݴ͏ɻ
(1).  ͕ K ʹଐ͢Δ୯ମͰ͋ΔͳΒ͹ɼ ͷ͢΂ͯͷ໘΋ K ʹଐ͍ͯ͠Δɻ
(2). 1ɼ2 Λ K ʹଐ͢Δ୯ମͱ͢Δͱɼ1∩2ʢ1 ͱ 2 ͷڞ௨෦෼ʣ͸ۭू߹Ͱ͋Δʢ1 ͱ 2 ʹ͸ڞ


























ิ୊ 2.2. K Λ୯ମతෳମɼX Λ͋ΔҐ૬ۭؒͱ͢Δɻ|K| ͔Β X ΁ͷؔ਺ f ͸ɼK ͷ֤୯ମ΁ͷ f ͷ੍ݶ
͕ͦͷ୯ମʹ͓͍ͯ࿈ଓͰ͋Δͱ͖ɼK ͷଟ໘ମ |K| ʹ͓͍ͯ࿈ଓͰ͋Δɻ
ূ໌.ʰҐ૬਺ֶͷجૅʱิ୊ 1.12 ʹΑΓɼ͋ΔҐ૬ۭ͕ؒ༗ݶݸͷดू߹ͷ࿨ू߹ͱͯ͠ද͞ΕΔ৔߹ɼ͋
Δؔ਺ͷ֤ดू߹΁ͷ੍ݶ͕ͦͷดू߹ʹ͓͍ͯ࿈ଓͰ͋Δͱ͖ɼͦͷؔ਺͸ۭؒશମͰ࿈ଓͰ͋Δɻ ,
K ʹଐ͢Δ͢΂ͯͷ୯ମͷ௖఺શମͷू߹Λ VertK Ͱද͢ɻK ͷ௖఺ͷ͋Δ૊͕ K ʹଐ͢Δ͋Δ୯ମΛߏ
੒͢Δͱ͖ɼͦͷ௖఺ͷ૊͕ͦͷ୯ମΛுΔ (span) ͱݴ͏ɻ
ఆٛ 2.5 (෦෼ෳମ (sub-complex)). K Λ Rk ͷ୯ମతෳମͱ͢ΔɻK ʹଐ͢Δ୯ମͷ૊ L ͕࣍ͷ৚݅Λຬͨ
͢ͱ͖ K ͷ෦෼ෳମͰ͋Δͱݴ͏ɻ
 ͕ L ʹଐ͢Δ୯ମͰ͋Δͱ͖  ͷ͢΂ͯͷ໘΋ L ʹଐ͢Δɻ
K ͷ෦෼ෳମ͸ͦΕࣗ਎୯ମతෳମͰ͋Δɻ
ఆٛ 2.6 (୯ମͷ಺෦ (interior)). v0, v1, :::, vq Λ Rk ͷ q ࣍ݩ୯ମ  ͷ௖఺ͱ͢Δɻ
Pq
j=0tjvjʢ͢΂ͯͷ j
ʹ͍ͭͯ tj > 0 ͔ͭ
Pq
j=0tj = 1ʣͷΑ͏ʹද͞ΕΔ఺ͷू߹Λ  ͷ಺෦ͱݺͿɻ ͷ಺෦ͱ͸  ͷਅͷ໘ʹ
ؚ·Εͳ͍఺ͷू߹Ͱ͋Δɻ
0 ࣍ݩ୯ମͷ৔߹͸ 1 ఺Ͱ͋Δ͔ΒɼͦΕࣗ਎͕಺෦Ͱ΋͋Δɻ
୯ମ  ͷ͋ΒΏΔ఺͸ͨͩҰͭͷ  ͷ໘ʢ ࣗ਎΋ؚΊͯʣͷ಺෦ʹؚ·ΕΔɻv0, v1, :::, vq Λ  ͷ௖఺ɼ
x Λ  ͷ͋Δ఺ͱ͢Δͱɼx =
Pq
j=0tjvjʢ͢΂ͯͷ j ʹ͍ͭͯ 0 ≤ tj ≤ 1 ͔ͭ
Pq
j=0tj = 1ʣͱҰҙʹද͞Ε
Δ͕ɼx Λ಺෦ʹؚΉ໘͸͜ͷࣜͰ tj > 0 ͱͳ͍ͬͯΔ vj ʹΑͬͯுΒΕΔ໘Ͱ͋Δʢ͋Δ tj = 0 Ͱ͋Ε͹ x
Λ಺෦ʹؚΉ໘͸௖఺ vj Λؚ·ͳ͍ɻ͢΂ͯͷ tj ͕θϩʹͳΔ͜ͱ͸ͳ͘ඞͣ͋Δ tj ͸ਖ਼Ͱ͋Δʣ ɻ
͜͜Ͱ࣍ͷิ୊Λࣔ͢ɻ
ิ୊ 2.3. Rk ͷ୯ମͷ͋Δ૊Λ K ͱ͠ɼK ʹؚ·ΕΔ͢΂ͯͷ୯ମͷ࿨ू߹Λ |K| ͱ͢Δɻ͜ͷͱ͖ɼ࣍ͷ
৚͕݅ຬͨ͞ΕΔͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ K ͸୯ମతෳମͰ͋Δɻ
(1). K ͸ͦΕʹؚ·ΕΔ୯ମͷ͢΂ͯͷ໘ΛؚΉɻ
(2). |K| ্ͷ͢΂ͯͷ఺͸ K ʹؚ·ΕΔ͋ΔҰͭͷ୯ମͷ಺෦ʹؚ·ΕΔɻ2 ୯ମతෳମɾ୯ମࣸ૾ͱ୯ମۙࣅఆཧ 15
ূ໌. ·ͣ K ͕୯ମతෳମͰ͋ΔͱԾఆͯ͠ΈΑ͏ɻ͢Δͱ K ͸ͦΕʹଐ͢Δ୯ମͷ໘ΛؚΜͰ͍Δɻ͜͜
Ͱࣔ͢΂͖͸ |K| ͷ͢΂ͯͷ఺͕ K ͷͨͩҰͭͷ୯ମͷ಺෦ʹؚ·ΕΔ͜ͱͰ͋Δɻx ∈ |K| ͱ͢Δͱɼ͋
Δ୯ମʹؚ·ΕΔ͢΂ͯͷ఺͸͍ͣΕ͔ͷ໘ʢͦͷ୯ମࣗ਎΋ؚΊͯʣͷ಺෦ʹؚ·ΕΔʢ௖఺͸ 0 ࣍ݩ୯
ମͷ಺෦ʹؚ·ΕΔʣ͔Βɼx ͸ K ͷ͋Δ୯ମͷ໘  ʹؚ·ΕΔɻͦͷͱ͖ɼK ͸ͦͷ୯ମͷ໘ΛؚΉ͔Β
 ∈ K Ͱ͋Δɻ͕ͨͬͯ͠ x ͸ K ͷগͳ͘ͱ΋Ұͭͷ୯ମͷ಺෦ʹؚ·ΕΔɻx ͕ K ͷೋͭͷ୯ମ  ͱ 
ͷ಺෦ʹؚ·ΕΔͱԾఆͯ͠ΈΑ͏ɻ͢Δͱ K ͸୯ମతෳମͰ͋Δ͔Β x ͸  ͱ  ͷ͋Δڞ௨ͷ໘  ∩ ʹ
ؚ·Εͳ͚Ε͹ͳΒͳ͍ɻ͔͠͠ɼ ͱ  ͸ҟͳΔ୯ମͰ͋Δ͔Β͜ͷڞ௨ͷ໘͸  ࣗ਎͋Δ͍͸  ࣗ਎Ͱ
͸ͳ͍໘Ͱͳ͚Ε͹ͳΒͳ͍͕ɼ͜Ε͸ x ͕  ͱ  ͷ಺෦ʹؚ·ΕΔͱ͍͏͜ͱͱໃ६͢ΔɻΏ͑ʹɼx Λͦ
ͷ಺෦ʹؚΉ K ͷ୯ମ͸ͨͩҰͭͰ͋Δ͜ͱ͕ݴ͑Δɻ
ٯʹɼ্ͷ৚݅Λຬͨ͢୯ମͷ૊͕୯ମతෳମͰ͋Δ͜ͱΛࣔͦ͏ɻK ͸ͦͷ୯ମͷ͢΂ͯͷ໘ΛؚΜͰ͍
Δ͔Βࣔ͢΂͖͸  ͱ  ͕ K ͷೋͭͷ୯ମͰ͋ͬͯڞ௨෦෼͕ۭू߹Ͱ͸ͳ͍ͱ͖ʹ  ∩ ͕  ͱ  ͷڞ
௨ͷ໘ʹͳ͍ͬͯΔ͜ͱͰ͋Δɻx ∈  ∩ ͱ͢Δͱɼx ͸ K ͷͨͩҰͭͷ୯ମ ! ʹଐ͍ͯ͠ΔɻҰํ  ͱ 
ͷ೚ҙͷ఺͸ͦΕΒͷ୯ମͷͨͩҰͭͷ໘ʹଐ͓ͯ͠Γɼ·ͨ  ͱ  ͷ͢΂ͯͷ໘͸ K ʹଐ͍ͯ͠Δɻͨ͠
͕ͬͯ ! ͸  ͱ  ͷڞ௨ͷ໘Ͱ͋Γɼ! ͷ௖఺͸ ɼ ྆ํͷ௖఺Ͱ͋ΔɻΑͬͯ୯ମ  ͱ  ͸ڞ௨ͷ௖఺
Λ࣋ͪɼ ∩ ͷ͢΂ͯͷ఺͸ͦͷڞ௨ͷ௖఺͕ுΔ  ͱ  ͷڞ௨ͷ໘  ʹଐ͍ͯ͠Δɻ͜Ε͸  ∩ =  Λ
ҙຯ͠ɼ͕ͨͬͯ͠  ∩ ͸  ͱ  ͷڞ௨ͷ໘Ͱ͋Δɻ ,
ఆٛ 2.7 (ࡾ֯ܗ෼ׂ (triangulation)). ͋ΔҐ૬ۭؒ X ͱϢʔΫϦουۭؒʹ͓͚Δ୯ମతෳମ K ͷଟ໘ମ
|K| ͱͷؒʹಉ૬ࣸ૾ h : |K| −→ X ͕͋Δͱ͖ɼ(K,h) Λ X ͷࡾ֯ܗ෼ׂͱݺͿɻ
୯ମతෳମ͔Β࡞ΒΕΔଟ໘ମ͸ίϯύΫτۭؒͰ͋Δ͔Βɼ͋ΔҐ૬ۭ͕ؒࡾ֯ܗ෼ׂՄೳͳΒ͹ͦΕ͸
ίϯύΫτۭؒͰͳ͚Ε͹ͳΒͳ͍ɻ
ิ୊ 2.4. X Λϋ΢ευϧϑۭؒɼK Λ୯ମతෳମͱ͠ɼh : |K| −→ X Λ |K| ͔Β X ΁ͷશ୯ࣹͰ͋Δͱ
͢Δɻh ͷ K ͷ֤୯ମ΁ͷ੍ݶ͕ͦͷ୯ମ্Ͱ࿈ଓͰ͋Ε͹ h : |K| −→ X ͸ಉ૬ࣸ૾Ͱ͋Γɼ͕ͨͬͯ͠
(K,h) ͸ X ͷࡾ֯ܗ෼ׂͰ͋Δɻ
ূ໌. K ͷ֤୯ମ͸ |K| ͷด෦෼ू߹Ͱ͋ΓɼK ͷ୯ମͷ਺͸༗ݶݸͰ͋Δɻ͕ͨͬͯ͠ʰҐ૬਺ֶͷجૅʱ
ิ୊ 1.12 ʹΑΓ h : |K| −→ X ͸࿈ଓͰ͋Δɻ·ͨ K ͷଟ໘ମ |K| ͸ίϯύΫτͳҐ૬ۭؒͰ͋Δɻίϯύ
ΫτͳҐ૬ۭ͔ؒΒϋ΢ευϧϑۭؒ΁ͷ࿈ଓͳશ୯ࣹ͸ಉ૬ࣸ૾Ͱ͋Δʢ ʰҐ૬਺ֶͷجૅʱఆཧ 1.38ʣ͔
Β (K,h) ͸ X ͷࡾ֯ܗ෼ׂͱͳΔɻ ,
2.2 ୯ମࣸ૾
·ͣʮ୯ମࣸ૾ʯΛఆٛ͢Δɻ
ఆٛ 2.8 (୯ମࣸ૾). ͋Δ୯ମతෳମ K ͷ௖఺ͷू߹ VertK ͔Β͋Δ୯ମతෳମ L ͷ௖఺ͷू߹ VertL ΁ͷ
ؔ਺ s ͕࣍ͷ৚݅Λຬͨ͢ͱ͖ K ͱ L ͷؒͷʮ୯ମࣸ૾ (simplicial map)ʯͰ͋Δͱݴ͏ɻ
K ͷ௖఺ͷ͋Δू߹ v0, v1, :::, vq ͕ K ʹؚ·ΕΔ q ࣍ݩ୯ମΛுΔͱ͖ɼs(v0), s(v1), :::, s(vq) ͸ L
ʹؚ·ΕΔ q ࣍ݩ୯ମΛுΔɻ













ͨͩ͠ j = 0,1,:::,q ʹ͍ͭͯ 0 ≤ tj ≤ 1 ͔ͭ
Pq
j=0tj = 1 Ͱ͋Γɼ·ͨ v0, v1, :::, vq ͸ K ͷ୯ମΛுΔ௖఺
Ͱ͋Δɻ͜ͷࣸ૾ͷ࿈ଓੑ͸ʰҐ૬਺ֶͷجૅʱิ୊ 1.12 ͔Βಋ͔ΕΔʢ֤୯ମͷதͰ͜ͷࣸ૾͸࿈ଓʣ ɻ͜
ͷࣸ૾ʹΑͬͯ v0, v1, :::, vq ͕ுΔ K ͷ୯ମͷ (t0,t1,:::,tq) ͱ͍͏࠲ඪΛ࣋ͭ఺͕ɼs(v0), s(v1), :::, s(vq)
͕ுΔ L ͷ୯ମͷ΍͸Γ (t0,t1,:::,tq) ͱ͍͏࠲ඪΛ࣋ͭ఺ʹҠ͞ΕΔɻ͕ͨͬͯ͠ K ͷ୯ମ  ͷ಺෦͸ L
ͷ୯ମ s() ͷ಺෦ʹҠ͞ΕΔɻs() ͸  ͷ௖఺͕ s ʹΑͬͯҠ͞ΕΔ఺ʹΑͬͯுΒΕΔ୯ମͰ͋Δɻ
୯ମࣸ૾͸ɼೋͭͷ୯ମతෳମͷ௖఺ͷؒͷؔ਺ͱݟΔ͜ͱ΋ɼҰͭͷ୯ମతෳମ͔Βผͷ୯ମతෳମ΁ͷ
ؔ਺ͱݟΔ͜ͱ΋ɼ͋Δ͍͸ೋͭͷ୯ମతෳମͷଟ໘ମͷؒͷؔ਺ͱݟΔ͜ͱ΋Ͱ͖Δɻ
ͳ͓୯ମࣸ૾ʹ͓͍ͯҟͳΔ௖఺͕ಉ͡఺ʹࣸ૾͞Εͯ΋͔·Θͳ͍ɼ͢ͳΘͪ͋Δ vi ͱ vj(vi ̸= vi) ʹ
͍ͭͯ s(vi) = s(vj) ͱͳͬͯ΋͔·Θͳ͍ɻ͕ͨͬͯ͠ v1, :::, vq ʹΑͬͯுΒΕΔ K ͷ୯ମΑΓɼs(v0),
s(v1), :::, s(vq) ʹΑͬͯுΒΕΔ L ͷ୯ମͷํ͕࣍ݩ͕௿͍͜ͱ΋͋ΓಘΔɻ





















(a) ʹ͓͍ͯ͸ x1, x2, x3 ͓Αͼ x2, x4 ͕ K ͷ୯ମʢͦΕͧΕࡾ֯ܗͱઢ෼ʣΛுΓɼs(x1)(s(x3)), s(x2) ͓
Αͼ s(x2), s(x4) ͕ L ͷ୯ମʢͱ΋ʹઢ෼ʣΛு͍ͬͯΔɻҰํɼ(b) ʹ͓͍ͯ͸ x1, x2, x3 ͕ K ͷ୯ମʢࡾ֯
ܗʣΛு͍ͬͯΔ͕ɼL ʹ͓͍ͯ s(x1), s(x2), s(x3) ͸୯ମΛு͍ͬͯͳ͍ɻ
2.3 ୯ମͷॏ৺෼ׂ





0 ࣍ݩ୯ମʢ఺ʣͷॏ৺͸ͦͷ఺ࣗ਎ɼ1 ࣍ݩ୯ମʢઢ෼ʣͷॏ৺͸ͦͷத఺ɼ2 ࣍ݩ୯ମʢࡾ֯ܗʣͷॏ৺͸
ͦͷࡾ֯ܗͷॏ৺ʢࡾ֯ܗͷ௖఺ͱ޲͔͍߹ͬͨลͷத఺Λ݁Ϳઢ෼Λ 2:1 ʹ಺෼͢Δ఺ʣ ɼͳͲͰ͋Δɻ
 ͱ  ͕͋ΔϢʔΫϦουۭؒͷ୯ମͰ͋ͬͯɼ ͕  ͷਅͷ໘ʹͳ͍ͬͯΔ৔߹ɼ <  ͱॻ͘͜ͱʹ
͢Δɻ
͋Δ୯ମ K1 ͕࣍ͷ৚݅Λຬͨ͢ͱ͖ K ͷ෼ׂ (subdivision) Ͱ͋Δͱݴ͏ɻ
|K1| = |K| Ͱ͋ͬͯɼK1 ͷ୯ମ͸͢΂ͯ K ͷ୯ମͰ΋͋Δɻ
ఆٛ 2.9 (ॏ৺෼ׂ (barycentric subdivision)). K Λ Rk ͷ୯ମతෳମͰ͋Δͱ͢ΔɻK′ ͕࣍ͷ৚݅Λຬͨ͢
ͱ͖ K ͷҰ࣍ॏ৺෼ׂ (ﬁrst barycentric subdivision) Ͱ͋Δͱݴ͏ɻ
K′ ͸ Rk ͷ୯ମͷ૊Ͱ͋Γɼͦͷ୯ମͷ௖఺͸ 0 < 1 < ··· < r ͱ͍͏ؔ܎Λຬͨ͢ K ͷ୯ମͷྻ
0, 1, :::, r ͷॏ৺ ˆ 0, ˆ 1, :::, ˆ r ͔ΒͳΔɻ͕ͨͬͯ͠ K′ ͷ௖఺ͷू߹͸ K ͷ୯ମͷ͢΂ͯͷॏ৺
͔ΒͳΔʢK ͷ௖఺͸ K ʹؚ·ΕΔ 1 ࣍ݩ୯ମͰ͋Γɼͦͷॏ৺͸ͦͷ఺ࣗ਎Ͱ͋Δ͔Β K′ ʹ΋ؚ
·ΕΔʣ ɻ
ͨͱ͑͹ K ͕Ұͭͷࡾ֯ܗʢ2 ࣍ݩ୯ମʣ͔ΒͳΔ৔߹ɼͦͷҰ࣍ॏ৺෼ׂͱ͸ K ͷ໘Ͱ͋Δࡾ֯ܗͷ֤ล
ʢ1 ࣍ݩ୯ମʣͷத఺ͱࡾ֯ܗͷॏ৺ΛͱΓɼͦͷࡾ֯ܗͷॏ৺͔Β֤ลͷத఺Λ݁Ϳ 3 ຊͷઢ෼ΛҾ͖ɼ͞




ิ୊ 2.5. K Λ͋ΔϢʔΫϦουۭؒͷ୯ମతෳମͰ͋ΓɼK′ ΛͦͷҰ࣍ॏ৺෼ׂͰ͋Δͱ͢Δɻͦͷͱ͖
K′ ࣗ਎΋୯ମతෳମͰ͋Γɼ|K′| ͱ |K| ͱ͸Ұக͢Δɻ
ূ໌. K ʹؚ·ΕΔ୯ମͷ਺ʹؔ͢Δ਺ֶతؼೲ๏Ͱূ໌͢ΔɻK ͕Ұͭͷ୯ମ͔ΒͳΔ৔߹͸̍఺ͷΈͰ
͋Δ͔Β໌Β͔ʹ੒Γཱͭɻ|K| ͕Ұͭͷࡾ֯ܗͰ͋Δ৔߹ʹ͸ K ͸গͳ͘ͱ΋ͦͷࡾ֯ܗͱࡾͭͷลɼࡾ
ͭͷ௖఺ΛؚΉɻ|K| ͕ઢ෼Ͱ͋Δ৔߹ʹ΋ɼK ͸ͦͷઢ෼ͱ྆୺ͷ఺ΛؚΜͰ͍Δɻ͋Δ୯ମతෳମΛͱ
ΓɼͦΕΑΓ΋গͳ͍਺ͷ୯ମΛؚΉ୯ମతෳମʹ͍ͭͯ݁࿦͕੒ΓཱͭͱԾఆ͢Δɻ
ॏ৺෼ׂ K′ ͷఆ͔ٛΒ K′ ͷ୯ମͷ͋ΒΏΔ໘͸ K′ ʹؚ·Ε͍ͯΔ͔Βɼ͜͜Ͱࣔ͢΂͖͸ K′ ͔Β
ͱͬͨೋͭͷ୯ମ͸ڞ௨෦෼Λ࣋ͨͳ͍͔ɼ·ͨ͸ڞ௨෦෼͕ͦͷೋͭͷ୯ମͷڞ௨ͷ໘ʹͳ͍ͬͯΔ͜ͱͰ
͋Δɻ
K ͱಉ࣍͡ݩΛ࣋ͭ K ͷ୯ମ  ΛͱΓɼL = K \{}ʢK ͔Β  ΛऔΓআ͍ͨ΋ͷʣͱ͢Δɻ͢Δͱ  ͸
K ͷ୯ମͷਅͷ໘Ͱ͸ͳ͍ʢK ͱಉ࣍͡ݩͰ͋Δ͔Βʣ͔Β L ͸ K ͷ෦෼ෳମͱͳΔɻL ͸ K ΑΓ΋গͳ
͍୯ମΛؚΉɻ͕ͨͬͯ͠ؼೲ๏ͷԾఆ͔Β L′ʢL ͷॏ৺෼ׂʣ͸୯ମతෳମͰ͋Γ |L′| = |L| ͕੒Γཱͭɻ
·ͨ K′ ͷఆ͔ٛΒ K′ ͸ҎԼͷ΋ͷʹΑͬͯߏ੒͞ΕΔɻ2 ୯ମతෳମɾ୯ମࣸ૾ͱ୯ମۙࣅఆཧ 18
• L′ ͷ୯ମ
•  ͷॏ৺ ˆ 
•  ͷਅͷ໘ͷॏ৺Λ௖఺ͱ͢Δ L′ ͷ୯ମ  ʹ  ͷॏ৺ ˆ  ΛՃ͑ͯಘΒΕͨ୯ମ ˆ 





Θ͔ΔɻL′ ͸୯ମతෳମͰ͋Δ͔Β L′ ͷ೚ҙͷೋͭͷ୯ମ͸ڞ௨ͷ໘ͰަΘΔɻͦͷ௖఺͕  ͷ໘ͷॏ৺Ͱ
͋ΔΑ͏ͳ L′ ͷ୯ମ 1, 2 ΛͱΔͱɼ1∩2 ͸ 1 ͱ 2 ͷڞ௨ͷ໘Ͱ͋Γɼ·ͨ ˆ 1∩ ˆ 2 = ˆ (1∩2) Ͱ
͋Δ͔Βɼˆ 1∩ ˆ 2 ͸ ˆ 1 ͱ ˆ 2 ͷڞ௨ͷ໘Ͱ͋Δʢˆ 1ɼˆ 2 ͸ͦΕͧΕ 1 ͱ ˆ  ʹΑͬͯ࡞ΒΕΔ୯ମɼ
2 ͱ ˆ  ʹΑͬͯ࡞ΒΕΔ୯ମͰ͋ΓɼͦΕΒͷڞ௨෦෼͸ 1 ͱ 2 ͷڞ௨෦෼Ͱ͋Δ 1∩2 ͱ ˆ  ʹΑͬͯ
࡞ΒΕΔ୯ମʹ౳͍͠ʣ ɻ·ͨɼL′ ͷ೚ҙͷ୯ମ  ͸  ͷॏ৺ͱ͸ަΘ͍ͬͯͳ͍͔Βɼˆ ∩ = ∩ Ͱ͋
ΔɻҎ্ͷ͜ͱ͔Β K′ ͸୯ମతෳମͰ͋Δɻ
࠷ޙʹ |K′| = |K| Λ֬ೝ͠Α͏ɻK′ ͷ͢΂ͯͷ୯ମ͕ K ͷ୯ମʹؚ·ΕΔ͔Β |K′| ⊂ |K| Ͱ͋Δɻx Λ୯
ମ  ͷ఺ͱ͢Δͱɼ ͷ໘ʹଐ͢Δ఺ y ͱ t ∈ [0,1] Λ༻͍ͯ x = (1−t)ˆ  +ty ͱॻ͚Δɻͦͷͱ͖ɼy ∈ |L|
Ͱ͋Γɼؼೲ๏ͷԾఆ͔Β |L| = |L′| Ͱ͋ΔɻΏ͑ʹ y ͸  ͷਅͷ໘ͷॏ৺Λ௖఺ͱ͢Δ L′ ͷ୯ମ  ʹଐ͠
͍ͯΔɻͦ͏͢Δͱ x ∈ ˆ  ͱͳΓɼx ∈ |K′| Ͱ͋Δɻ͕ͨͬͯ͠ |K| ⊂ |K′| ͱͳΔ͔ΒٻΊΔ |K′| = |K| ͕
ಘΒΕΔɻ ,
K ͷ j ࣍ॏ৺෼ׂ K(j) Λɼؼೲతʹ K(j−1) ͷҰ࣍ॏ৺෼ׂͱͯ͠ఆٛ͢ΔʢK′ ͷҰ࣍ॏ৺෼ׂ͕ K(2)ɼ
K(2) ͷҰ࣍ॏ৺෼ׂ͕ K(3)ɼͳͲͱͯ͠ॱʹఆٛ͢Δʣ ɻK ͕ࡾ֯ܗͷ৔߹ͷྫͰݴ͑͹ɼ֤ลͷத఺ͱࡾ֯
ܗͷॏ৺ʹΑͬͯҰ౓෼ׂͯ͠Ͱ͖ͨখ͍͞ࡾ֯ܗʹ͍ͭͯɼ͞Βʹ֤ลͷத఺ͱࡾ֯ܗͷॏ৺Λͱͬͯ෼ׂ
͢Δͷ͕ೋ࣍ॏ৺෼ׂɼͦΕΛ܁Γฦͯ͠ j ࣍ॏ৺෼ׂ K(j) ͕ಘΒΕΔɻ
ิ୊ 2.6.  Λ q ࣍ݩ୯ମɼ Λ  ͷ໘ͱ͢Δɻ·ͨ ˆ , ˆ  ΛͦΕͧΕͷॏ৺ͱ͢Δɻ ͷ͢΂ͯͷ 1 ࣍ݩ୯ମ
ʢลʣ͕ d ҎԼͷ௕͞ (d > 0) Λ࣋ͭͳΒ͹




ূ໌. v0, v1, :::, vq Λ  ͷ௖఺ͱ͢Δɻx, y Λ  ͷ఺ͱ͢Δͱɼy =
Pq
j=0tjvjʢj = 0,1,:::,q ʹ͍ͭͯ




















͜ͷ݁ՌΛ x = ˆ , y = ˆ  ʹద༻͢Δͱ
|ˆ  − ˆ | ≤ max(|ˆ  −v0|,|ˆ  −v1|,:::,|ˆ  −vq|)












Ͱ͋Δɻ·ͨ zi ∈  Ͱ͋Δɻ͕ͨͬͯ͠ i = 0,1,:::,q ʹ͍ͭͯ











K ͷลʢ1 ࣍ݩ୯ମʣͷ಺࠷΋௕͕͞େ͖͍΋ͷͷ௕͞Λ (K) Ͱද͢ɻ






ূ໌. K′ ͷ 1 ࣍ݩ୯ମ͸ (ˆ , ˆ ) ͷܗʹද͢͜ͱ͕Ͱ͖Δɻ ͸ K ͷ q ࣍ݩ୯ମ (q ≤ n)ɼ ͸ͦͷ໘Ͱ͋Δ
ʢK′ ͸ K ͷॏ৺෼ׂͰ͋Δ͔ΒɼK′ ͷ 1 ࣍ݩ୯ମ͸ K ʹؚ·ΕΔ͋Δ୯ମʢq ࣍ݩ୯ମʣͷॏ৺ͱͦͷ໘ͷ
ॏ৺ͱΛ݁Μͩઢ෼Ͱ͋Δʣ ɻ͢Δͱิ୊ 2.6 ʹΑΓ








͜ͷิ୊͔Β K(j) Λ K ͷ j ࣍ॏ৺෼ׂͱ͢Δͱ limj→+∞(K(j)) = 0 Ͱ͋Δ͜ͱ͕Θ͔Δɻ͢ͳΘͪॏ৺
෼ׂΛ܁Γฦͯ͠ߦ͘ͱ୯ମతෳମΛߏ੒͢Δ 1 ࣍ݩ୯ମͷେ͖͞͸ 0 ʹऩଋͯ͠ߦ͘ͷͰ͋Δɻ
2.4 ୯ମۙࣅఆཧ
·ͣʮ୯ମۙࣅʯΛఆٛ͢Δɻ
ఆٛ 2.10 (୯ମۙࣅ). ୯ମతෳମ K ͱ L ʹΑͬͯ࡞ΒΕΔଟ໘ମΛ |K|, |L| Ͱද͠ɼ f Λ |K| ͔Β |L| ΁ͷ
࿈ଓؔ਺ͱ͢ΔɻK ͔Β L ΁ͷ୯ମࣸ૾ s ͓ΑͼͦΕ͔Βࣗવʹಋ͔ΕΔ࿈ଓࣸ૾ʢ΍͸Γ s Ͱද͢ʣ͕࣍
ͷ৚݅Λຬͨ͢ͱ͖ɼ୯ମࣸ૾ s ͸ f ͷ୯ମۙࣅ (simplicial approximation) Ͱ͋Δͱݴ͏ɻ
|K| ্ͷ֤఺ x ʹ͍ͭͯ s(x) ͸ f (x) Λͦͷ಺෦ʹؚΉͨͩҰͭͷ L ͷ୯ମͷཁૉͰ͋Δɻ
ͭ·Γɼ͢΂ͯͷ x ʹ͍ͭͯ s(x) ͱ f (x) ͱ͕ L ͷಉ͡୯ମʹؚ·Ε͍ͯΔͱ͍͏͜ͱͰ͋Δɻ
K ͔Β L ΁ͷ୯ମࣸ૾ s ͕ |K| ͔Β |L| ΁ͷؔ਺ f ͷ୯ମۙࣅͰ͋Δͱ͖ɼs ͱ f ͸ϗϞτϐοΫͰ͋Δɻ


















ΑΓ |zi −vi| ≤ d Ͱ͋Δɻ2 ୯ମతෳମɾ୯ମࣸ૾ͱ୯ମۙࣅఆཧ 20
ఆٛ 2.11 (੕ঢ়ମ (star)). K Λ୯ମతෳମɼx ∈ |K| ͱ͢Δɻ఺ x ΛؚΉ͢΂ͯͷ K ͷ୯ମͷ಺෦ͷ࿨ू߹Λ
K ʹ͓͚Δ x ͷ੕ঢ়ମͱݺͼɼstK(x) ͱද͢ɻ




ิ୊ 2.8. K Λ୯ମతෳମɼx ∈ |K| ͱ͢Δɻͦͷͱ͖੕ঢ়ମ stK(x) ͸ |K| ʹ͓͍ͯ։ू߹Ͱ͋Γɼx ∈ stK(x)
ʢx ͸੕ঢ়ମʹؚ·ΕΔʣͰ͋Δɻ
ূ໌. ิ୊ 2.3 ʹΑΓ |K| ͷ͢΂ͯͷ఺͸ K ͷͨͩҰͭͷ୯ମͷ಺෦ʹଐ͍ͯ͠Δɻ͕ͨͬͯ͠ |K| ʹ͓͚
Δ stK(x) ͷิू߹ |K|\stK(x) ͸ x Λؚ·ͳ͍ K ͷ୯ମͷ಺෦ͷ࿨ू߹Ͱ͋Δʢ͜Εʹ͸ x Λؚ·ͳ͍ઢ෼
΍ x Ҏ֎ͷ௖఺΋ؚ·ΕΔʣ ɻҰํɼK ͷ୯ମ͕ x Λؚ·ͳ͚Ε͹ͦͷ໘΋ x Λؚ·ͳ͍ɻ͞Βʹɼ͋Δ୯ମ
ͷ͢΂ͯͷ໘ͷ಺෦ͷ࿨ू߹͸ͦͷ୯ମࣗ਎ʹଞͳΒͳ͍ɻ͕ͨͬͯ͠ |K|\stK(x) ͸ x Λؚ·ͳ͍ K ͷ͢
΂ͯͷ୯ମͷ࿨ू߹Ͱ͋Δɻ͔͠͠ɼK ͷ֤୯ମ͸ |K| ͷดू߹Ͱ͋Δ͔Β |K|\stK(x) ͸༗ݶݸͷดू߹ͷ
࿨ू߹Ͱ͋ΓɼͦΕࣗ਎ |K| ͷดू߹Ͱ͋ΔɻΑͬͯ stK(x) ͕ |K| ͷ։ू߹Ͱ͋Δ͜ͱ͕ಋ͔ΕΔɻ·ͨ x
͕গͳ͘ͱ΋Ұͭͷ K ͷ୯ମͷ಺෦ʹଐ͍ͯ͠ΔͷͰ x ∈ stK(x) Ͱ͋Δɻ ,
͞Βʹ࣍ͷิ୊ΛಘΔɻ
ิ୊ 2.9. ୯ମతෳମ K, L ͷ௖఺ͷू߹ͷؒͷؔ਺ s : VertK −→ VertL ͸࣍ͷ৚͕݅ຬͨ͞ΕΔͱ͖ɼ·
ͨͦͷͱ͖ʹͷΈ୯ମࣸ૾Ͱ͋Γɼ͔ͭ͋Δ࿈ଓؔ਺ f : |K| −→ |L| ͷ୯ମۙࣅͰ͋Δɻ
K ͷ͢΂ͯͷ௖఺ v ʹ͍ͭͯ f (stK(v)) ⊂ stL(s(v)) Ͱ͋Δɻ
ূ໌. s : K −→ L Λ f : |K| −→ |L| ͷ୯ମۙࣅͱ͠ɼv Λ K ͷ௖఺ɼx ∈ stK(v) Ͱ͋Δͱ͢Δɻͦͷͱ͖
x, f (x) ͸ͦΕͧΕͨͩҰͭͷ୯ମ  ∈ K,  ∈ L ͷ಺෦ʹଐ͍ͯ͠Δɻ͞ΒʹɼstK(v) ͷఆ͔ٛΒ v ͸  ͷ
௖఺Ͱͳ͚Ε͹ͳΒͳ͍ɻs ͕ f ͷ୯ମۙࣅͰ͋Δ͔Β s(x) ͸  ʹଐ͓ͯ͠Γɼ͕ͨͬͯ͠ s(x) ͸  ͷ͋
Δ໘ͷ಺෦ʹଐ͍ͯ͠ͳ͚Ε͹ͳΒͳ͍ɻҰํɼx ͸  ͷ಺෦ʹ͋ΔͷͰ s(x) ͸ s() ͷ಺෦ʹଐ͍ͯ͠ͳ͚
Ε͹ͳΒͳ͍ɻ͕ͨͬͯ͠ɼs() ͸  ͷ໘Ͱ͋Γɼs(v) ͸  ͷ௖఺Ͱ͋ΔɻΑͬͯ f (x) ∈ stL(s(v)) Ͱ͋Γɼ
s : K −→ L ͕ f : |K| −→ |L| ͷ୯ମۙࣅͰ͋ΔͳΒ͹ f (stL(v)) ⊂ stL(s(v)) Ͱ͋Δ͜ͱ͕ݴ͑Δɻ
ٯʹ s : VertK −→ VertL ͕͢΂ͯͷ K ͷ௖఺ v ʹ͍ͭͯ f (stK(v)) ⊂ stL(s(v)) Λຬͨ͢Α͏ͳؔ਺Ͱ
͋Δͱ͢Δɻv0, v1, :::, vq Λ௖఺ͱ͢Δ K ͷ͋Δ୯ମͷ಺෦ͷ఺Λ x ͱ͢Δͱɼj = 0,1,2,:::,q ʹରͯ͠
x ∈ stK(vj) Ͱ͋Δ͔Β f (x) ∈ stL(s(vj)) Ͱ͋Δɻ͕֤ͨͬͯ͠ʑͷ s(vj) ͸ f (x) Λͦͷ಺෦ʹؚΉͨͩҰͭ
ͷ୯ମ  ∈ L ͷ௖఺Ͱͳ͚Ε͹ͳΒͳ͍ɻ͕ͨͬͯ͠ s(v0), s(v1), :::, s(vq) ͸  ͷ໘ΛுΓɼs(x) ∈  Ͱ͋
ΔɻҎ্ʹΑͬͯ s : VertK −→ VertL ͸ f : |K| −→ |L| ͷ୯ମۙࣅͱͳΔ୯ମࣸ૾Λදݱ͍ͯ͠Δ͜ͱ͕
ݴ͑ͨɻ ,
͜ͷิ୊͔Β࣍ͷܥ͕ಘΒΕΔɻ
ܥ 2.10. K, L, M Λ୯ମతෳମͱ͢Δɻs : K −→ L, t : L −→ M ͕ͦΕͧΕ࿈ଓؔ਺ f : |K| −→ |L|,
g : |L| −→ |M| ͷ୯ମۙࣅͰ͋Ε͹ɼt ◦s : K −→ M ͸ g◦ f : |K| −→ |M| ͷ୯ମۙࣅͰ͋Δɻ
ূ໌. s ͕ f ͷ୯ମۙࣅͰ͋Δ͔Β K ͷ௖఺ v ʹ͍ͭͯ
f (stK(v)) ⊂ stL(s(v))3 ϗϞϩδʔ܈ 21
Ͱ͋Γɼ·ͨ t ͕ g ͷ୯ମۙࣅͰ͋Δ͔Β L ͷ௖఺ s(v) ʹ͍ͭͯ
g(stL(s(v))) ⊂ stM(t(s(v)))
ΛͰ͋Δɻ͕ͨͬͯ͠
g( f (stK(v))) ⊂ g(stL(s(v))) ⊂ stM(t(s(v)))
ΛಘΔɻ͜Ε͸ t ◦s ͕ g◦ f ͷ୯ମۙࣅͰ͋Δ͜ͱΛҙຯ͢Δɻ ,
࠷ޙʹ࣍ͷఆཧΛಘΔɻ
ఆཧ 2.11 (୯ମۙࣅఆཧ (Simplicial Approximation Theorem)). K ͱ L Λ୯ମతෳମɼ f Λ |K| ͔Β |L| ΁
ͷ࿈ଓؔ਺ͱ͢Δɻͦͷͱ͖ɼॆ෼େ͖ͳ j ʹ͍ͭͯ f ͷ୯ମۙࣅͱͳΔ K(j) ͔Β L ΁ͷ୯ମࣸ૾ s ͕ଘ
ࡏ͢Δɻ
ূ໌. L ͷ௖఺Λ w ͱ͢Δͱɼิ୊ 2.8 ʹΑ֤ͬͯ stL(w) ͸ |L| ͷ։ू߹Ͱ͋Γɼw ͕ L ͷ೚ҙͷ୯ମͷ௖
఺Ͱ͋Δͱ͖ͦͷ୯ମͷ಺෦͸ stL(w) ʹؚ·ΕΔͷͰɼL ͷ͢΂ͯͷ௖఺ w ͷ੕ঢ়ମ stL(w) ͷ૊͸ |L| ͷ։
ඃ෴ͱͳΔɻؔ਺ f : |K| −→ |L| ͸࿈ଓͰ͋Δ͔Βɼw ͷ੕ঢ়ମͷ f ʹΑΔٯ૾ f −1(stL(w)) ͷ૊͸ |K| ͷ
։ඃ෴ͱͳΔʢ|K| ͷ֤఺͸ |L| ͷ͋Δ఺ʹҠ͞Εɼͦͷ |L| ͷ఺͸͍ͣΕ͔ͷ stL(w) ʹଐ͍ͯ͠Δɻͨ͠
͕ͬͯ |K| ͷ͢΂ͯͷ఺͸͍ͣΕ͔ͷ f −1(stL(w)) ʹଐ͓ͯ͠Γɼ·֤ͨ f −1(stL(w)) ͸։ू߹Ͱ͋Δʣ ɻ͠
͕ͨͬͯ Lebesgue ͷิ୊ʹΑΓɼ௚ܘ͕  ΑΓখ͍͞ |K| ͷ֤෦෼ू߹ʹ͍ͭͯͦͷू߹ͷ఺͕શମͱͯ͠
f ʹΑͬͯ L ͷ͋Δ௖఺ w ͷ stL(w) ͷதʹҠ͞ΕΔΑ͏ͳ࣮਺  > 0 ͕ଘࡏ͢Δʢ֤෦෼ू߹͕͍ͣΕ͔ͷ








Ͱ͋Δ͔Βɼj −→ +∞ ͷͱ͖ K ͷ j ࣍ॏ৺෼ׂʹ͍ͭͯ (K(j)) ͸ 0 ʹۙͮ͘ɻ͕ͨͬͯ͠ (K(j)) < 1
2
ͱͳΔΑ͏ʹ j ΛબͿ͜ͱ͕Ͱ͖Δɻv Λ K(j) ͷ௖఺ͱ͢ΔͱɼstK(j)(v) ͷ఺͸ v ͔Β 1
2 Ҏ಺ͷڑ
཭ʹҐஔ͓ͯ͠ΓɼstK(j)(v) ͷ௚ܘ͸ߴʑ  Ͱ͋ΔɻΑͬͯ K(j) ͷ֤௖఺ v ʹ͍ͭͯ L ͷ௖఺ s(v) Λ
f (stK(j)(v)) ⊂ stL(s(v)) ͱͳΔΑ͏ʹબͿ͜ͱ͕Ͱ͖Δɻ͜ͷΑ͏ʹͯ͠ɼK(j) ͷ௖఺͔Β L ͷ௖఺΁ͷؔ਺
s : VertK(j) −→ VertL ͕ಘΒΕΔɻิ୊ 2.9 ʹΑΓ͜Ε͕ٻΊΔ f ͷ୯ମۙࣅͰ͋Δɻ ,
3 ϗϞϩδʔ܈
3.1 ୯ମతෳମͷ࠯܈
K Λ୯ମతෳମͱ͠ɼ֤ਖ਼ͷ੔਺ q ʹ͍ͭͯҎԼͷΑ͏ʹ q ࣍ݩ୯ମͷܗࣜతͳ࿨Ͱද͞ΕΔཁૉ c ͔Β
ͳΔ܈Λ Cq(K) Ͱද͢ɻ
c = n1 < v1
0,v1
1,:::,v1
q > +n2 < v2
0,v2
1,:::,v2




͜͜Ͱ n1, n2, :::, ns ͸੔਺Ͱ͋Γɼvr
0, vr
1, :::, vr




q > ΛுΔ K ͷ௖఺Ͱ͋ΔɻͦΕͧΕͷ q ࣍ݩ୯ମʹద౰ʹ +1 ·ͨ͸ −1 ͷ޲͖Λ͚ͭΔɻ
ͦͷࡍ͋Δ୯ମͷදݱʹ͓͍ͯ 2 ͭͷ௖఺ΛೖΕସ͑ͨͱ͖ʹ͸޲͖͕มΘΔ΋ͷͱ͢Δɻ͜ͷΑ͏ʹͯ͠޲
͖͕͚ͭΒΕͨ q ࣍ݩ୯ମΛ༗޲ q ࣍ݩ୯ମ (oriented q-simplex) ͱݺͿɻ3 ϗϞϩδʔ܈ 22
ͨͱ͑͹ 2 ࣍ݩ୯ମ < v0,v1,v2 > ͷ޲͖Λ +1 ͱ͢Ε͹ɼ͜ΕΛ < v0,v2,v1 > ͱද͢ͱ޲͖͸ −1ɼ
































ͱఆٛ͞ΕΔ͕ɼ͜Ε͸໌Β͔ʹަ׵๏ଇΛຬ͔ͨ͢Β Cq(K) ͸Ξʔϕϧ܈Ͱ͋ΔɻCq(K) Λ K ͷ q ࣍ ࠯
܈ (qth chain group) ͱݺͼɼͦͷཁૉΛ q ࠯ (q-chain) ͱݺͿɻ
ྫ 3.1 (࠯܈ͷྫ). K Λ 3 ͭͷ௖఺ v0,v1,v2 ͔ΒͳΔࡾ֯ܗͱ֤ลɼ֤௖఺ʹΑͬͯߏ੒͞ΕΔ୯ମతෳମͱ
͢Δͱɼͦͷ 0 ࠯͸
n0 < v0 > +n1 < v1 > +n2 < v2 >
ͱද͞ΕΔʢn0,n1,n2 ∈ Zʣ ɻಉ༷ʹ 1 ࠯͸
m0 < v0,v1 > +m1 < v1,v2 > +m2 < v2,v0 >
ͱද͞Εʢm0,m1,m2 ∈ Zʣ *8ɼ2 ࠯͸ n < v0,v1,v2 > ͱද͞ΕΔʢn ∈ Zʣ *9ɻ
࠯܈ͷ୯Ґݩ͸ 0 Ͱද͢ɻ͜Ε͸୯ମΛ 1 ͭ΋ؚ·ͳ͍ q ࠯Ͱ͋Δɻ·ͨ q < 0 ͓Αͼ q > dimK ʹ͍ͭ
ͯ͸ Cq(K) = 0 ͱఆٛ͢ΔɻdimK ͸୯ମతෳମ K ͷ࣍ݩͰ͋Δɻ
3.2 ڥք४ಉܕ
K Λ୯ମతෳମͱͯ͠ K ͷ࠯܈ͷؒͷڥք४ಉܕ (boundary homomorphism) ͱݺ͹ΕΔ४ಉܕࣸ૾
@q : Cq(K) → Cq−1(K) Λఆٛ͢ΔʢCq−1(K) ͸ q −1 ࣍ݩ࠯܈ʣ ɻK ͷ༗޲ q ࣍ݩ୯ମΛ  ͱ͢Δͱ @q()
͸  ͷ q −1 ࣍ݩ໘ͷܗࣜతͳ࿨Ͱ͋Γɼ֤໘ʹ͸  ͷ޲͖͔Βಋ͔ΕΔ޲͖͕͚ͭΒΕΔɻ
q ࣍ݩ୯ମ  ͷ௖఺Λ v0,v1,:::,vq ͱ͢Δɻ֤੔਺ j(0 ≤ j ≤ q) ʹ͍ͭͯ༗޲ q −1 ࣍ݩ໘
< v0,:::,vj−1,vj+1,:::,vq >
Λ <v0,:::,ˆ vj,:::,vq > ͱද͢ɻ͜Ε͸୯ମ  =<v0,v1,:::,vq,> ͔Β௖఺ vj ΛऔΓআ͍ͨ΋ͷͰ͋Δɻಛʹ
< ˆ v0,v1,:::,vq >≡< v1,:::,vq >
< v0,v1,:::,ˆ vq >≡< v0,:::,vq−1 >
Ͱ͋Δɻಉ༷ʹ j, k Λ 0 ͱ q ͷؒͷ 2 ͭͷ੔਺ʢj < kʣͱ͢Δͱ
< v0,:::,ˆ vj,:::,ˆ vk,:::,vq >
*8 ͜ͷ࠯܈ͷج͸ < v0,v1 >ɼ< v1,v2 >ɼ< v2,v0 > Ͱ͋Δɻ
*9 ͜ͷ࠯܈ͷج͸ < v0,v1,v2 > Ͱ͋Δɻ3 ϗϞϩδʔ܈ 23
͸  ͔Β 2 ͭͷ௖఺ vjɼvk ΛऔΓআ͍ͨ q −2 ࣍ݩ໘
< v0,:::,vj−1,vj+1,:::,vk−1,vk+1,:::,vq >
Λද͢ɻ
֤੔਺ q ʹ͍ͭͯڥք४ಉܕ @q : Cq(K) → Cq−1(K) Λఆٛ͢Δɻ·ͣ q ≤ 0 ͷͱ͖͸ Cq−1(K) = 0 Ͱ͋
Γɼq > dimK ͷͱ͖͸ Cq(K) = 0 Ͱ͋Δ͔Βɼq ≤ 0ɼq > dimK ʹ͍ͭͯ͸ @q = 0 Ͱ͋Δɻ
K ͷ q ࣍ݩ୯ମΛுΔ௖఺ v0, v1, :::, vq ʹ͍ͭͯ
@q(< v0,v1,:::,vq >) =
q X
j=0
(−1)j < v0,:::,ˆ vj,:::,vq >
ͱఆٛ͢Δɻ͜Ε͸ Cq(K) ͔Β Cq−1(K) ΁ͷ४ಉܕͰ͋Δɻ
ิ୊ 3.1. ͢΂ͯͷ੔਺ q ʹ͍ͭͯ @q−1◦@q = 0 Ͱ͋Δɻ
ূ໌. q < 2 ͷͱ͖ʹ͸ @q−1 = 0 Ͱ͋Δ͔Β໌Β͔Ͱ͋ΔͷͰ q = 2 ͱԾఆ͢ΔɻK ͷ q ࣍ݩ୯ମΛுΔ௖
఺Λ v0, v1, :::, vq ͱ͢Δͱ
@q−1@q(< v0,v1,:::,vq >) =
q X
j=0












(−1)j+k−1 < v0,:::,vj−1,vj+1,:::,vk−1,vk+1,:::,vq >
=0
͜ͷࣜͷ 2 ߦ໨ͷ k < j ͷ৔߹͸ vk ΛऔΓআ͍ͯͰ͖ͨ q −2 ࣍ݩ୯ମͷූ߸͸ (−1)j ʹ (−1)k Λ͔͚ͨ
΋ͷʹͳΓɼҰํ 3 ߦ໨ͷ k > j ͷ৔߹͸͢Ͱʹ vj ͕औΓআ͔Ε͍ͯΔͷͰ vk ΛऔΓআ͍ͯͰ͖ͨ q −2 ࣍
ݩ୯ମͷූ߸͸ (−1)j ʹ (−1)k−1 Λ͔͚ͨ΋ͷʹͳΔɻ2 ߦ໨ͱ 3 ߦ໨Λൺ΂Δͱ j ͱ k ͕ೖΕସΘͬͨ΋
ͷಉࢤ͕ଧͪফ͠߹͍ͬͯΔɻ
q ࣍ݩ࠯܈ʹର͢Δ @q−1◦@q ͷ஋͸֤୯ମʹର͢Δ @q−1◦@q ͷ஋ʹΑܾͬͯ·ΔͷͰ݁࿦͕ಘΒΕΔɻ ,
ྫ 3.2. ୯ମ < v0,v1,v2 > ʹ͍ͭͯ֬ೝͯ͠ΈΑ͏ɻ
@1@2(< v0,v1,v2 >) =@1(< v1,v2 > − < v0,v2 > + < v0,v1 >)
= < v2 > − < v1 > − < v2 > + < v0 > + < v1 > − < v0 >= 0
͜ͷิ୊͸͋ΒΏΔ q ࣍ݩ࠯܈ Cq(K) ʹ͍ͭͯɼڥք४ಉܕΛೋ౓ࢪͤ͹θϩʢ୯ҐݩʣʹͳΔ͜ͱΛҙ
ຯ͢Δɻ
3.3 ୯ମతෳମͷϗϞϩδʔ܈
K Λ୯ମతෳମͱ͢Δͱɼq ࠯ z ͕ @qz = 0 Λຬͨ͢ͱ͖ q ྠମ (q-cycle) ͱݺͿɻ·ͨ q ࠯ b ͕͋Δ q+1
࠯ c ʹରͯ͠ @q+1c = b Λຬͨ͢ͱ͖ q ڥքྠମ (q-boundary) ͱݺͿɻq ྠମͷ࿨͸ q ྠମͰ͋Γɼq ڥք3 ϗϞϩδʔ܈ 24
ྠମͷ࿨͸ q ڥքྠମͰ͋Δ͔Β*10ɼͦΕͧΕͷશମ͸܈Λͳ͠ɼq ྠମͷ܈͸ q ࣍ݩྠମ܈ͱݺ͹Εͯ
Zq(K) ͱද͞Εɼq ڥքྠମͷ܈͸ q ࣍ݩڥքྠମ܈ͱݺ͹Εͯ Bq(K) ͱද͞ΕΔɻ
q ࣍ݩྠମ܈ Zq(K) ͸ڥք४ಉܕ @q : Cq(K) → Cq−1(K) ͷ֩ (kernel) Ͱ͋ΓɼҰํ q ࣍ݩڥքྠ
ମ܈ Bq(K) ͸ڥք४ಉܕ @q+1 : Cq+1(K) → Cq(K) ͷ૾ʢͷू߹ʣ(image) Ͱ͋Δɻิ୊ 3.1 ʹΑͬͯ
@q ◦@q+1 = 0 Ͱ͋Δ͔Β q +1 ࠯ c′ ʹରͯ͠ @q ◦@q+1c′ = @qb = 0 ͕੒ΓཱͭͷͰ b ͸ q ྠମͰ΋͋Γ
Bq(K) ⊂ Zq(K) Ͱ͋Δɻ͜ΕΒ͸Ξʔϕϧ܈ Cq(K) ͷ෦෼܈Ͱ͋ΔͷͰਖ਼ن෦෼܈Ͱ͋Γɼ͕ͨͬͯ͠
঎܈ Hq(K) = Zq(K)=Bq(K) ͕ఆٛ͞ΕΔɻ͜ΕΛ୯ମతෳମ K ͷ q ࣍ݩϗϞϩδʔ܈ͱݺͿɻq < 0 ͓
Αͼ q > dimK ʹରͯ͠͸ Cq(K) = Zq(K) = Bq(K) = 0 Ͱ͋Δ͔Β Hq(K) = 0 Ͱ͋ΔɻHq(K) ͷཁૉ͸
Zq(K) ʹ͓͚Δ Bq(K) ͷ৒༨ྨͷू߹Ͱ͋Γ z ∈ Zq(K) ͱͯ͠ [z] ∈ Hq(K) ͱද͞ΕΔɻ[z] ͸ͦͷ͕ࠩ
Bq(K) ʹଐ͢ΔΑ͏ͳ q ྠମͷू߹Λ୅ද͠ɼ[z] Λ z ͷϗϞϩδʔྨͱݺͿɻz1,z2 ∈ Zq(K) ʹ͍ͭͯ
[z1]+[z2] = [z1+z2] Ͱ͋Γɼ͋Δ q +1 ࠯ c ʹ͍ͭͯ z1−z2 = b = @q+1c ͷͱ͖ [z1] = [z2] Ͱ͋Δ*11ɻ
ྫ 3.3 (ϗϞϩδʔ܈ͷྫ). (1). ࠷΋୯७ͳਤܗͰ͋Δ 1 ఺ v0 ͔ΒͳΔ୯ମతෳମʢ0 ࣍ݩ୯ମͷΈ͔Β
ͳΔ୯ମతෳମʣΛ K ͱͯͦ͠ͷϗϞϩδʔ܈ΛٻΊΔɻఆٛΑΓ q > 0 ʹରͯ͠͸ Cq(K) = 0 Ͱ
͋Δ͔Β Zq(K) = Bq(K) = 0 Ͱ͋Γ Hq(K) = 0 Ͱ͋Δɻq = 0 ͷ৔߹ɼC0(K) ͷཁૉ c ͸͋Δ੔਺
Λ n ͱͯ͠ c = n < v0 > ͱද͞ΕΔʢ< v0 > ͸ v0 ͚͔ͩΒͳΔ୯ମʣ͕ɼn ͷ஋Λద౰ʹม͑Ε
͹ c ͱ n ͕ 1 ର 1 ʹରԠ͠ɼC0(K) ͸܈ͱͯ͠͸੔਺ͷू߹ Z ͱಉ͡ߏ଄Λ࣋ͭɼ͢ͳΘͪ C0(K)
ͱ Z ͸ಉܕͰ͋ΔʢC0(K) ∼ = Zʣ ɻ·ͨ @0(n < v0 >) = 0 ͳͷͰ Z0(K) ∼ = Z Ͱ͋ΓɼC1(K) = 0 ΑΓ
B0(K) = @1(C1(K)) = 0 Ͱ͋Δ͔Β H0(K) ∼ = Z ΛಘΔ*12ɻ
(2). 3 ఺ v0, v1, v2 ͕ߏ੒͢Δࡾ֯ܗʢ2 ࣍ݩ୯ମʣͷ͢΂ͯͷ໘ʢลͱ௖఺ʣ͔ΒͳΔ୯ମతෳମΛ K ͱ
͢Δɻࡾ֯ܗࣗମ͸ؚ·ͳ͍ʢ͜ͷ৔߹ଟ໘ମ |K| ͸ࡾ֯ܗͷ 3 ͭͷลΛͭͳ͍ͩਤܗͰ͋Δʣ ɻK ͸
࣍ͷΑ͏ʹද͞ΕΔɻ
K = {< v0 >,< v1 >,< v2 >,< v0,v1 >,< v1,v2 >,< v2,v0 >}
·ͣ K ʹ 2 ࣍ݩ୯ମ͸ଘࡏ͠ͳ͍ͷͰ q > 1 ʹରͯ͠͸ Hq(K) = 0 Ͱ͋Δɻ1 ࣍ݩ࠯܈ C1(K) ͷཁૉ
c ͸ n0,n1,n2 ∈ Z ͱͯ͠
c = n0 < v0,v1 > +n1 < v1,v2 > +n2 < v2,v0 >
ͱද͞ΕΔ͔Β
@1(c) =n0@1(< v0,v1 >)+n1@1(< v1,v2 >)+n2@1(< v2,v0 >)
=n0(< v1 > − < v0 >)+n1(< v2 > − < v1 >)+n2(< v0 > − < v2 >)
=(n2−n0) < v0 > +(n0−n1) < v1 > +(n1−n2) < v2 >
ͱͳΓɼ @1(c)=0 ͱ͓͘ͱ n2−n0 =n0−n1 =n1−n2 =0 ΑΓ n0 =n1 =n2 ΛಘΔ ʢ<v0 > ͱ <v1 >
ͳͲ͕ଧͪফ͠߹͏͜ͱ͸ͳ͍ʣ ɻ͕ͨͬͯ͠ Z1(K) ͷཁૉ͸੔਺ͱಉ͚ͩ͋͡ΔͷͰ Z1(K) ∼ = Z Ͱ
͋Δ*13ɻҰํɼK ʹ 2 ࣍ݩ୯ମ͸ଘࡏ͠ͳ͍ͷͰ B1(K) = 0 Ͱ͋Δ͔Β H1(K) ∼ = Z ΛಘΔɻ
͜ͷ @1(c) ͷ͔ࣜΒ < v0 >, < v1 >, < v2 > ͷ܎਺ͷ࿨͕θϩʹ౳͍͠ʢ(n2−n0)+(n0−n1)+(n1−
n2) = 0ʣ͜ͱ͕Θ͔Δɻ͜ΕΑΓ
B0(K) = {m0 < v0 > +m1 < v1 > +m2 < v2 >: m0+m1+m2 = 0}
*10 2 ͭͷྠମ z, z′ ʹ͍ͭͯ @qz =0ɼ @qz′ =0 ͳΒ͹ @q(z+z′)=@qz+@qz′ =0ɼ ·ͨ 2 ͭͷڥքྠମ b, b′ ʹ͍ͭͯ @q+1c =bɼ
@q+1c′ = b′ ͳΒ͹ @q+1(c+c′) = b+b′ Ͱ͋Δʢc, c′ ͸ q +1 ࠯ʣ ɻ
*11 z′
1 = z1+b1ɼz′
2 = z2+b2 ʹରͯ͠ z′
1+z′
2 = z1+z2+b1+b2 ͱͳΔ͕ɼb1+b2 ∈ Bq(K) Ͱ͋Δɻ
*12 B0(K) = 0 Ͱ͋Δ͔Β঎܈ H0(K) = Z0(K)=B0(K) ʹ͓͍ͯɼҟͳΔ Z0(K) ͷཁૉ͸͢΂ͯҟͳΔ H0(K) ͷཁૉͱͳΔɻ
*13 ͜ͷͱ͖ < v0,v1 > + < v1,v2 > + < v2,v0 > ͕ Z1(K) ͷੜ੒ݩʢجʣͰ͋Δɻ3 ϗϞϩδʔ܈ 25
ͱදͤΔɻ͜ΕΛ΋ͱʹ H0(K) Λߟ͑ΔɻC0(K) ͷཁૉ d ͸ m0,m1,m2 ∈ Z ͱͯ͠
d = m0 < v0 > +m1 < v1 > +m2 < v2 >
ͱॻ͚Δɻ͜Εʹରͯ͠ "(d) = m0 +m1 +m2 ͱ͓͘ͱ֤ d ͕ 1 ͭͷ੔਺ʹରԠ͢ΔΑ͏ͳ४ಉܕ
" : C0(K) → Z ͕ಘΒΕɼͦΕ͸શࣹʢ͢΂ͯͷ੔਺ʹରԠ͢ΔʣͰ͋Δɻ·ͨ ker " ͸ 0 ʹରԠ͢
Δ d ͷू߹Ͱ͋Δ͔Β m0 +m1 +m2 = 0 Λຬͨ͢ d ͔ΒͳΔ͕ɼ͜Ε͸ B0(K) ʹ౳͍͠ɻ͞Βʹ
͢΂ͯͷ d ʹ͍ͭͯ @0(d) = 0 ͳͷͰ C0(K) = Z0(K) Ͱ͋Δ͔Βɼ४ಉܕఆཧʢఆཧ 1.18ʣʹΑΓ
H0(K) = Z0(K)=B0(K)(= C0(K)=ker") ∼ = Z(= image ") ΛಘΔɻ
Ҏ্Ͱ͢΂ͯͷ q ʹ͍ͭͯ Hq(K) ͕ٻΊΒΕͨɻ
(3). 3 ఺ v0, v1, v2 ͕ߏ੒͢Δࡾ֯ܗͱͦͷ͢΂ͯͷ໘͔ΒͳΔ୯ମతෳମΛ K ͱ͢Δɻ
K = {< v0 >,< v1 >,< v2 >,< v0,v1 >,< v1,v2 >,< v2,v0 >,< v0,v1,v2 >}
ͱද͞ΕΔɻH0(K) ͸্ͷྫͱಉ͘͡ H0(K) ∼ = Z Ͱ͋Δɻ·ͨ q > 2 ʹ͍ͭͯ͸ Hq(K) = 0 Ͱ͋Δɻ
·ͣ H1(K) Λߟ͑ΔɻC1(K), Z1(K) ͸্ͷྫͱಉ͡Ͱ͋Δ͕ B1(K) ͕ҟͳΔɻC2(K) ͷཁૉΛ c ͱ
͢Δͱ
c = n < v0,v1,v2 >
ͱͳΓɼ͜Ε͔Β
@2(c) = n(< v0,v1 > + < v1,v2 > + < v2,v0 >)
͕ಘΒΕɼ͜Ε͸ Z ʹಉܕͰ͋Δ͔Β B1(K) ∼ = Z ͱͳΔɻZ1(K) ∼ = Z Ͱ͋ͬͨͷͰ H1(K) =
Z1(K)=B1(K) = 0 Ͱ͋Δ*14ɻ
࣍ʹ H2(K) Λߟ͑Δɻ্ͷ @2(c) ͷ͔ࣜΒ @2(c) = 0 ͱͳΔͷ͸ n = 0 ͷ৔߹͚ͩͰ͋Δ͜ͱ͕Θ͔
Δɻ͕ͨͬͯ͠ Z2(K) = 0 Ͱ͋ΔɻҰํɼ3 ࣍ݩ୯ମ͸ଘࡏ͠ͳ͍ͷͰ B2(K) = 0 Ͱ͋Γ H2(K) = 0
ΛಘΔɻ
͜ͷྫΛ΋ͱʹʮྠମʯ΍ʮڥքྠମʯͷҙຯΛߟ͑ͯΈΑ͏ɻ͜ͷྫͷ K ͷ 1 ࣍ݩ࠯܈ͷཁૉͷ಺
c = n(< v0,v1 > + < v1,v2 > + < v2,v0 >)
ͱද͞ΕΔ΋ͷ͸ࡾ֯ܗͷ௖఺Λ v0, v1, v2 ͷॱʹลͰ݁ΜͰ v0 ʹ໭ͬͯ͘Δดͨ͡ܦ࿏ɼ͢ͳΘͪྠ
ʹͳ͍ͬͯΔɻ͜Ε͕ྠମͰ͋Δɻ࣮ࡍɼ্هͷ c ʹରͯ͠
@1(c) = n(< v1 > − < v0 > + < v2 > − < v1 > + < v2 > − < v0 >) = 0
ͱͳΓɼn ͕ͲͷΑ͏ͳ੔਺Ͱ͋ͬͯ΋͜ͷΑ͏ͳ c ͸ྠମͰ͋ΔͷͰ Z1(K) ∼ = Z Ͱ͋ΔɻͦΕʹର
ͯ͠୯ʹࡾຊͷઢ෼ < v0,v1 >, < v1,v2 >, < v2,v3 > Λ݁ΜͰ࡞ͬͨ୯ମతෳମʹ͍ͭͯ͸ 1 ࣍ݩ࠯
܈ͷཁૉ
c = n0 < v0,v1 > +n1 < v1,v2 > +n2 < v2,v3 >
ʹ͍ͭͯ n0, n1, n2 ͷ͢΂ͯΛ 0 ʹ͠ͳ͚Ε͹
@1(c) = n0(< v1 > − < v0 >)+n1(< v2 > − < v1 >)+n2(< v3 > − < v2 >)
͸ 0 ͱ͸ͳΒͣྠମ܈͸୯ҐݩͷΈͰ͋Δɻ
͜ͷྫͷ K ʹؚ·ΕΔ 2 ࣍ݩͷ୯ମ͸ࡾ֯ܗͦͷ΋ͷ͚ͩͰ͋Γɼ্Ͱड़΂ͨΑ͏ʹ 2 ࣍ݩ࠯܈ͷཁ
ૉ c ͸ c = n < v0,v1,v2 > ͱද͞ΕΔɻͦΕʹରͯ͠ @2(c) = n(< v0,v1 > + < v1,v2 > + < v2,v0 >)
͸ @1@2(c) = 0 ʹΑͬͯྠମͱͳΔ͕ɼ͜ͷ @2(c) ͸ 2 ࣍ݩ୯ମʢࡾ֯ܗʣͷڥքΛߏ੒͍ͯ͠Δɻ1 ͭ
࣍ݩ͕ߴ͍୯ମͷڥքͰͦΕࣗ਎͕ྠମʹͳ͍ͬͯΔ΋ͷ͕ڥքྠମͰ͋Δɻ
*14 Z1(K) શମ͕ 1 ͭͷ৒༨ྨͱͳΓ঎܈ͷཁૉ͸ 1 ͚ͭͩͰ͋Δɻ3 ϗϞϩδʔ܈ 26
3.4 ୯ମࣸ૾ͱ༠ಋ४ಉܕ
୯ମతෳମ K ͱ L ͷؒͷ୯ମࣸ૾ ' : K → L ʹΑͬͯ 2 ͭͷ q ࣍ݩ࠯܈ Cq(K) ͔Β Cq(L) ΁ͷ४
ಉܕ 'q : Cq(K) → Cq(L) ͕ಋ͔ΕΔɻK ͷ q ࣍ݩ୯ମΛுΔ௖఺Λ v0, v1, :::, vq ͱ͢Δͱɼ͋Δ୯ମ
< v0,v1,:::,vq > ʹର͢Δ 'q ͷ஋͸࣍ͷΑ͏ʹද͞ΕΔɻ
'q(< v0,v1,:::,vq >) =< '(v0),'(v1),:::,'(vq) >
͜Ε͸ K ͷ࠯܈ Cq(K) ʹࣗવʹ֦ு͞ΕΔɻ΋͠ '(v0),'(v1),:::,'(vq) ͕ಉҰͷ௖఺ΛؚΜͰ͍Ε͹ 'q =0
ͱఆٛ͢Δɻ
͜ͷ 'q ʹ͍ͭͯ࣍ͷ݁Ռ͕ಘΒΕΔɻ ɻ
ิ୊ 3.2. ্Ͱఆٛ͞Εͨ 'q ʹ͍ͭͯɼ֤੔਺ q ʹରͯ͠ 'q−1◦@q = @q ◦'q Ͱ͋Δɻ
ূ໌. ͋Δ୯ମ  =< v0,v1,:::,vq > ʹ͍ͭͯ 'q−1@q() = @q'q() Λࣔͤ͹͢΂ͯͷ q ࠯ʹ֦ுͰ͖Δɻ࣍
ͷ 3 ͭͷέʔεʹ෼͚ͯߟ͑Δɻ
















(−1)j < '(v0),:::,'(ˆ vj),:::,'(vq) >
=@q(< '(v0),'(v1),:::,'(vq) >) = @q('q())
(2). dim −1 = '() ͷ৔߹





(−1)j'q−1(< v0,:::,ˆ vj,:::,vq >)
=(−1)i < '(v0),:::,'(ˆ vi),:::,'(vq) > +(−1)k < '(v0),:::,'(ˆ vk),:::,'(vq) >
ͱͳΔʢ'(vi), '(vk) ͕ͱ΋ʹؚ·Ε͍ͯΕ͹ 'q−1 = 0 Ͱ͋Δʣ ɻ'(vi) = '(vk) Ͱ͋Δ͔Β୯ମͱ͠
ͯ͸ < '(v0),:::,'(ˆ vi),:::,'(vq) > ͱ < '(v0),:::,'(ˆ vk),:::,'(vq) > ͸ಉҰͰ͋Δ͕ɼ޲͖Λߟ͑Δͱ
Cq−1(K) ͷཁૉͱͯ͠͸
< '(v0),:::,'(ˆ vi),:::,'(vq) >= (−1)k−i−1 < '(v0),:::,'(ˆ vk),:::,'(vq) >
Ͱ͋Δ*15ɻ͕ͨͬͯ͠
'q−1@q() = 0
*15 i ͱ k ͕ྡΓ߹͍ͬͯΕ͹ɼ͢ͳΘͪ k−i = 1 Ͱ͋Ε͹͜ΕΒ͸ಉ͡΋ͷʹͳΔɻؒʹ 1 ͭʢͨͱ͑͹ l Λʣ͸͞ΜͰ 2 ͭ
཭Ε͍ͯΕ͹Ұ౓ͷೖΕସ͑Ͱಉ͡΋ͷʹͳΔͷͰූ߸͕ٯʹͳΔɻಉ༷ʹͯ͠ k −i ͕ح਺ͳΒಉ͡ූ߸ɼۮ਺ͳΒٯͷ
ූ߸ʹͳΔɻ3 ϗϞϩδʔ܈ 27
ͱͳΔɻҰํఆ͔ٛΒ 'q() = 0 Ͱ͋Δ͔Β 'q−1@q = @q'q ͕ಘΒΕΔɻ
(3). '() ≤ dim −2 ͷ৔߹
͜ͷ৔߹͸ '(v0), :::, '(ˆ vj), :::, '(vq) ͷதʹ΋ಉ͡΋ͷ͕͋ΔͷͰఆٛʹΑͬͯ 'q = 'q−1 = 0 Ͱ͋
Δ͔Β 'q−1@q = @q'q(= 0) ͕ಘΒΕΔɻ
,
ิ୊ 3.3. ͢΂ͯͷ੔਺ q ʹ͍ͭͯ 'q(Zq(K)) ⊂ Zq(L) ͓Αͼ 'q(Bq(K)) ⊂ Bq(L) Ͱ͋Δɻ
ূ໌. (1). 'q(Zq(K)) ͷཁૉ͸
z = 'q(z′) (z′ ∈ Zq(K))
ͱද͞ΕΔɻz ∈ Zq(L) Λࣔ͢ʹ͸ @q(z) = 0 Λࣔͤ͹Α͍ɻ
@q(z) = @q('q(z′)) = 'q−1(@q(z′) = 0 ʢ@q(z′) = 0 ͱิ୊ 3.2 ΑΓʣ
(2). 'q(Bq(K)) ͷཁૉ͸
b = 'q(b′) (b′ ∈ Bq(K))
ͱද͞ΕΔɻb′ = @q+1(c) ͱͳΔ c ∈ Cq+1(K) ͕͋Δ͔Β
b = 'q(b′) = 'q(@q+1(c)) = @q+1('q+1(c)) ʢิ୊ 3.2 ΑΓʣ
͕ͨͬͯ͠ b ∈ Bq(L) Ͱ͋Δɻ
,
͜ͷิ୊ʹΑͬͯ୯ମࣸ૾ ' : K → L ͔ΒϗϞϩδʔ܈ͷ४ಉܕ '∗ : Hq(K) → Hq(L) ͕ಋ͔ΕΔ͜ͱ
͕Θ͔Δɻ͜ΕΛ༠ಋ४ಉܕͱݺͿɻz,z′ ∈ Zq(K) ͕ಉ͡ϗϞϩδʔྨ [z] ∈ Hq(K) ʹଐ͍ͯ͠ΔͳΒ͹ɼ
z−z′ ∈ Bq(K) Ͱ͋Δ͔Βɼ ิ୊ 3.3 ΑΓ 'q(z),'q(z′)∈ Zq(L) Ͱ͋Γɼ ·ͨ 'q(z−z′)='q(z)−'q(z′)∈ Bq(L)
Ͱ͋Δ͔Β 'q(z) ͱ 'q(z′) ͸ಉ͡ϗϞϩδʔྨʹଐ͢Δʢ͢ͳΘͪ ['q(z)] = ['q(z′)]ʣ ɻ
·ͨ࣍ͷ݁Ռ΋༰қʹࣔ͞ΕΔɻ
ิ୊ 3.4. K, L, M Λ୯ମతෳମɼ' : K → L,   : L → M Λ୯ମࣸ૾ͱ͢ΔͱϗϞϩδʔ܈ͷ༠ಋ४ಉܕ '∗,
 ∗ ͸ (  ◦')∗ =  ∗◦'∗ Λຬͨ͢ɻ
ূ໌.   ◦' ͸ K ͔Β M ΁ͷ୯ମࣸ૾Ͱ͋ΓɼͦΕ͔Β Cq(K) ͔Β Cq(M) ΁ͷ४ಉܕ (  ◦')q ͕ಋ͔ΕΔɻ
͜Ε͸  q ◦'q ʹ౳͍͠ɻ͕ͨͬͯ͠ (  ◦')∗ =  ∗◦'∗ ͕ಘΒΕΔɻ ,
3.5 Ґ૬ۭؒͷ࿈݁ੑ
ఆٛ 3.1 (࿈݁). Ґ૬ۭؒ X ʹ͓͍ͯ։ू߹Ͱ΋͋Γดू߹Ͱ΋͋Δ෦෼ू߹͕ X ࣗ਎ͱۭू߹ͷΈͰ͋Δ
ͱ͖ X ͸࿈݁ (connected) Ͱ͋Δͱݴ͏ɻ
ิ୊ 3.5. Ґ૬ۭؒ X ͸࣍ͷ৚݅Λຬͨ͢ͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ࿈݁Ͱ͋Δɻ
X ͷۭͰͳ͍։ू߹ U, V ʹΑͬͯ X = U ∪V ͱද͞ΕΔͱ͖ɼU ∩V ̸= ∅ Ͱ͋Δɻ
ݴ͍׵͑Ε͹ڞ௨෦෼Λ࣋ͨͳ͍ 2 ͭͷ։ू߹ U, V ʹΑͬͯ X = U ∪V ͱද͞ΕΔͳΒ͹ X ͸࿈݁Ͱ͸
ͳ͍ɻͦͷͱ͖ UɼV ͸ޓ͍ʹ૬खͷิू߹Ͱ͋Δ͔Β X ͷ։ू߹͔ͭดू߹ͱͳΓɼ ʮX ͸ڞ௨෦෼Λ࣋
ͨͳ͍ 2 ͭͷดू߹U, V ʹΑͬͯ X = U ∪V ͱද͞ΕΔʯͱ΋ݴ͑Δɻ3 ϗϞϩδʔ܈ 28
ূ໌. U ͕։ू߹͔ͭดू߹Ͱ͋ΔΑ͏ͳ X ͷۭͰͳ͍෦෼ू߹Ͱ͋ͬͯ V = X \U Ͱ͋Δͱ͢ΔͱɼU, V
͸ͱ΋ʹ։ू߹Ͱ͋Γ U ∪V = X ͔ͭ U ∩V = ∅ Ͱ͋Δɻٯʹ U, V ͕ U ∪V = X ͓Αͼ U ∩V = ∅ Λຬͨ
͢ X ͷ෦෼։ू߹Ͱ͋Δͱ͢Δͱ U = X \V Ͱ͋ΓɼU ͸։ू߹͔ͭดू߹ʢV ͕։ू߹Ͱ͋Δ͔ΒʣͰ͋
Δɻ͕ͨͬͯ͠ U ∪V ͔ͭ U ∩V = ∅ Λຬͨ͢Α͏ͳۭͰͳ͍։ू߹ U, V ͕ଘࡏ͠ͳ͍ͱ͖ɼ·ͨͦͷͱ
͖ʹͷΈ X ͸࿈݁Ͱ͋Δɻ ,
੔਺ͷू߹ Z ͕ 1 ࣍ݩϢʔΫϦουۭؒʢ࣮਺ͷू߹ʣR ͷ௨ৗͷҐ૬ʢϢʔΫϦουͷڑ཭͔ΒಘΒΕ
ΔҐ૬ʣ͔Βಋ͔ΕΔ૬ରҐ૬ʹΑΔҐ૬ۭؒͰ͋Δͱ͢Δɻͦͷͱ͖͢΂ͯͷ n ∈ Z ʹ͍ͭͯ




Ͱ͋Δ͔Β {n}ʢn ͚͔ͩΒͳΔू߹ʣ͸ Z ͷ։ू߹Ͱ͋Δɻ͕ͨͬͯ͠ Z ͷ͋ΒΏΔ෦෼ू߹͸։ू߹ͱͳ
ΓɼҐ૬ۭؒ X ͔Β Z ΁ͷؔ਺ f : X → Z ͸ Z ͷ೚ҙͷ෦෼ू߹ V ʹ͍ͭͯ f −1(V) ͕։ू߹Ͱ͋Δͱ
͖ɼ·ͨͦͷͱ͖ʹͷΈ࿈ଓͰ͋Δɻ͜ͷࣄ࣮Λ࢖ͬͯҎԼͷΑ͏ʹҐ૬ۭؒͷ࿈݁ੑΛಛ௃͚ͮΔ͜ͱ͕Ͱ
͖Δɻ
ิ୊ 3.6. Ґ૬ۭؒ X ͸೚ҙͷ X ͔Β Z ΁ͷ࿈ଓͳؔ਺ f : X → Z ͕Ұఆ (constant) Ͱ͋Δͱ͖ʢؔ਺ͷ஋
͕·ͬͨ͘มΘΒͳ͍ʣ ɼ·ͨͦͷͱ͖ʹͷΈ࿈݁Ͱ͋Δɻ
ূ໌. X ͕࿈݁Ͱ͋ΔͱԾఆ͢Δɻ࿈ଓؔ਺ f : X → Z ʹ͍ͭͯ n ∈ f (X) Λબͼ
U = {x ∈ X : f (x) = n}, V = {x ∈ X : f (x) ̸= n}
ͱ͢Δɻͦͷͱ͖ U, V ͸ͦΕͧΕ Z ͷ։෦෼ू߹ {n}ɼZ\{n} ͷٯ૾Ͱ͋Δ͔ΒɼU, V ͸։ू߹Ͱ͋Δʢ f
͕࿈ଓͰ͋Δ͔Βʣ ɻ͞Βʹ U ∩V = ∅ ͔ͭ X = U ∪V Ͱ͋Δ͔ΒɼV = X \U Ͱ͋Γ U ͸։ू߹͔ͭดू
߹ͱͳΔɻ·ͨɼn ∈ f (X) ͱԾఆͨ͠ͷͰ U ͸ۭू߹Ͱ͸ͳ͍ɻ͕ͨͬͯ͠ X ͷ࿈݁ੑ͔Β U = X ͱͳΓ
f : X → Z ͸ৗʹ஋͕ n ʹ౳͍ؔ͠਺ͱͳΔɻ
ٯʹ͢΂ͯͷ࿈ଓͳؔ਺ f : X → Z ͕Ұఆͷ஋ΛͱΔͱԾఆͯ͠ΈΑ͏ɻS Λ։ू߹͔ͭดू߹Ͱ͋ΔΑ
͏ͳ X ͷ෦෼ू߹ͱͯؔ͠਺ f : X → Z Λ࣍ͷΑ͏ʹఆٛ͢Δɻ
f (x) =

1 x ∈ S ͷͱ͖
0 x = ∈ S ͷͱ͖
͢Δͱ Z ͷ೚ҙͷ෦෼ू߹ͷ f ʹΑΔٯ૾͸ۭू߹ʢ∅ʣ͔ʢZ\{0}∪{1} ʹ͍ͭͯʣ ɼS ͔ʢ{1} ʹ͍ͭͯʣ ɼ
X \S ͔ʢ{0} ʹ͍ͭͯʣ ɼ͋Δ͍͸ Xʢ{0}∪{1} ʹ͍ͭͯʣͰ͋Δ͕ɼ͜ΕΒ͸͢΂ͯ։ू߹Ͱ͋Δɻ͕ͨͬ͠
ͯ͜ͷؔ਺ f ͸࿈ଓͱͳΔɻͦͷͱ͖ f ͸ҰఆͰ͋Δ͔Β S = ∅ ·ͨ͸ S = X Ͱͳ͚Ε͹ͳΒͳ͍ɻΑͬͯ
X ͸࿈݁Ͱ͋Δɻ ,
ิ୊ 3.7. ։۠ؒ (0,1) ͸࿈݁Ͱ͋Δɻ
ূ໌. (0,1) ͕ڞ௨෦෼Λ࣋ͨͣɼۭͰͳ͍ 2 ͭͷดू߹ A1ɼA2 ͷ࿨ू߹ͱͯ͠ද͞ΕΔͱԾఆ͢ΔɻA1ɼ
A2 ͔ΒͦΕͧΕ 1 ͭͷ఺ a1ɼa2 ΛͱΕ͹ a1 ̸= a2 Ͱ͋Δ͔Β a1 < a2 ͱԾఆ͢Δ͜ͱ͕Ͱ͖Δɻͦͷͱ͖
B = A1∩(0,a2)
ͱ͓͚͹ a1 ∈ B Ͱ͋Δ͔Β B ̸= ∅ Ͱ͋Δɻ·ͨɼa2 ͸ B ͷ্քͱͳΔͷͰ B ͸্ʹ༗քͰ͋Γ্ݶ
supB = c ͕ଘࡏͯ͠ c ≤ a2 ͕੒Γཱͭɻ্ݶͷੑ࣭ʹΑͬͯɼ೚ҙͷ " > 0 ʹରͯ͠ c−" < a′
1 ≤ c ͱͳΔ
B ͷཁૉʢ͜Ε͸ A1 ͷཁૉͰ΋͋Δʣa′
1 ͕ଘࡏ͢Δ͔Βɼ
(c−",c+")∩ A1 ̸= ∅3 ϗϞϩδʔ܈ 29
Ͱ͋Γɼ͕ͨͬͯ͠ c ∈ ¯ A1 Ͱ͋ΔɻA1 ͸ดू߹Ͱ͋Δ͔Β c ∈ A1 ͱͳΓɼc < a2 ͕ಘΒΕΔɻҰํɼ
c < x ≤ a2 Λຬ࣮ͨ͢਺ x ͸͢΂ͯ A2 ʹଐ͢Δ͔Β೚ҙͷ " > 0 ʹରͯ͠
(c−",c+")∩ A2 ̸= ∅
͕੒Γཱͭɻ͕ͨͬͯ͠ c ∈ ¯ A2 Ͱ͋ΓɼA2 ΋ดू߹Ͱ͋Δ͔Β c ∈ A2 ͱͳΓ c ∈ A1∩ A2 ͕ಘΒΕΔ͕ɼ͜
Ε͸ໃ६Ͱ͋Δɻ ,
͜ͷ݁࿦͸ 0, 1 Ҏ֎ͷ͋ΒΏΔ࣮਺ʹ͍ͭͯ΋੒Γཱͭɻ
A Λ X ͷ෦෼ू߹ͱ͢Δͱɼ෦෼ू߹ͷ૬ରҐ૬ʹΑͬͯ࣍ͷ৚͕݅੒Γཱͭͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ
A ͕࿈݁Ͱ͋Δ͜ͱ͕Θ͔Δɻ
U, V ͕ A∩U ̸= ∅, A∩V ̸= ∅ ͱ A ⊂ U ∪V Λຬͨ͢Α͏ͳ X ͷ։ू߹Ͱ͋ΔͳΒ͹ A∩U ∩V ̸= ∅
Ͱ͋Δɻ
ิ୊ 3.8. X ͕Ґ૬ۭؒͰ A ͸ͦͷ࿈݁ͳ෦෼ू߹Ͱ͋Δͱ͢ΔͱɼA ͷดแ ¯ A ͸࿈݁Ͱ͋Δɻ
ূ໌. ดแͷఆ͔ٛΒɼA ⊂ F Ͱ͋ΔΑ͏ͳ͢΂ͯͷ X ͷด෦෼ू߹ F ʹ͍ͭͯ ¯ A ⊂ F ͕੒ΓཱͭɻF ͕
͋Δ։ू߹ U ͷิू߹Ͱ͋Δ͜ͱ͔Β A∩U = ∅ Ͱ͋ΔΑ͏ͳ͋ΒΏΔ։ू߹ U ʹ͍ͭͯ ¯ A∩U = ∅ Ͱ͋Δ
͜ͱ͕Θ͔Δ*16ɻ͕ͨͬͯ͠ U ͕ X ͷ։ू߹Ͱ ¯ A∩U ̸= ∅ ͳΒ͹ A∩U ̸= ∅ Ͱͳ͚Ε͹ͳΒͳ͍ɻ
U, V Λ ¯ A∩U ̸= ∅, ¯ A∩V ̸= ∅ ͓Αͼ ¯ A ⊂ U ∪V Λຬͨ͢Α͏ͳ X ͷ։ू߹Ͱ͋Δͱ͢Δͱ A∩U ̸= ∅,
A∩V ̸=∅ ͔ͭ A ⊂U ∪V Ͱ͋ΔɻҰํ A ͸࿈݁Ͱ͋Δ͔Β A∩U ∩V ̸=∅ Ͱ͋Γɼ ͕ͨͬͯ͠ ¯ A∩U ∩V ̸=∅
Ͱ͋ΔͷͰ ¯ A ͸࿈݁Ͱ͋Δɻ ,
ิ୊ 3.7ɼ3.8 ΑΓด۠ؒ [0,1] ΋࿈݁Ͱ͋Δ͜ͱ͕Θ͔Δɻ
Ҏ্͔Β࣍ͷ݁ՌΛಘΔɻ




(3). x,y ∈ X ͱ͢Δͱ Sx = Sy Ͱ͋Δ͔ɼ͞΋ͳ͘͹ Sx ∩Sy = ∅ Ͱ͋Δɻ
ূ໌. f : Sx → Z Λɼ͋Δ x ∈ X ʹର͢Δ Sx ্Ͱఆٛ͞Εͨ࿈ଓͳ੔਺஋ؔ਺ͱ͠ɼy Λ೚ҙͷ Sx ͷ఺ͱ
͢ΔɻSx ͷఆ͔ٛΒ x ͱ y ͷ྆ํΛؚΉ࿈݁ͳू߹ A ͕ଘࡏ͢ΔɻA ͸࿈͔݁ͩΒ f ͸ A ʹ͓͍ͯҰఆͰ
͋ΔͷͰɼf (x) = f (y) Ͱ͋Δɻy ͸೚ҙͰ͋Δ͔Β f ͸ Sx ্ͰҰఆͰ͋Γɼ͕ͨͬͯ͠ Sx ͸࿈݁Ͱ͋Δ͔
Β (1) ͕ࣔ͞Εͨɻ͞Βʹิ୊ 3.8 ʹΑͬͯ Sx ͷดแ ¯ Sx ΋࿈݁Ͱ͋ΓɼSx ͷఆ͔ٛΒ ¯ Sx ⊂ Sx Ͱ͋Δ͔Β
Sx ͸ดू߹Ͱ͋Δʢ¯ Sx = Sxʣ ɻҎ্Ͱ (2) ͕ࣔ͞Εͨɻ
࣍ʹ x, y ͕ Sx ∩Sy ̸= ∅ Ͱ͋ΔΑ͏ͳ X ͷ 2 ఺Ͱ͋Δͱ͢Δɻ f : Sx ∪Sy → Z Λ Sx ∪Sy Ͱఆٛ͞Εͨ੔
਺஋ؔ਺ͱ͢Δͱ f ͸ Sx ͓Αͼ Sy ͷͦΕͧΕʹ͓͍ͯҰఆͰ͋Δɻ͞Βʹ Sx ∩ Sy ̸= ∅ Ͱ͋Δ͔Β Sx ʹ
͓͚Δ f ͷ஋ͱ Sy ʹ͓͚Δ஋ͱ͸Ұக͠ͳ͚Ε͹ͳΒͳ͍ɻ͕ͨͬͯ͠ f ͸ Sx ∪ Sy ʹ͓͍ͯҰఆͱͳΓ
Sx ∪Sy ͸ x, y ͷ྆ํΛؚΉ࿈݁ͳू߹ͱͳΔ͔ΒɼSx, Sy ͷఆٛʹΑͬͯ Sx ∪Sy ⊂ Sx ͔ͭ Sx ∪Sy ⊂ Sy ͱ
ͳΔɻ͕ͨͬͯ͠ Sx = Sy Ͱ͋Δɻ ,
*16 A∩U = ∅ ͳΒ͹ F = X \U ͱͯ͠ A ⊂ F Ͱ͋Γɼ͕ͨͬͯ͠ ¯ A∩U = ∅ Ͱ͋Δɻ3 ϗϞϩδʔ܈ 30
೚ҙͷҐ૬ۭؒ X ʹ্͍ͭͯͷิ୊ͷΑ͏ʹఆٛ͞Εͨ X ͷ࿈݁ͳ෦෼ू߹ Sx Λ X ͷ࿈݁੒෼ͱݺͿɻ
ิ୊ 3.9 ͷ (3) ΑΓҐ૬ۭؒ X ͸ͦͷޓ͍ʹڞ௨෦෼Λ࣋ͨͳ͍࿈݁੒෼ͷ࿨ू߹ͱͯ͠ද͢͜ͱ͕Ͱ͖Δɻ
ྫ 3.4 (࿈݁੒෼ͷྫ). (1). ू߹ {(x,y) ∈ R2 : x ̸= 0} ͷ࿈݁੒෼͸
{(x,y) ∈ R2 : x > 0} ͱ {(x,y) ∈ R2 : x < 0}
Ͱ͋Δɻ
(2). ू߹ {t ∈R: ͋Δ੔਺ n ʹ͍ͭͯ |t−n|< 1
2} ͷ࿈݁੒෼͸ Jn =(n− 1
2,n+ 1
2) Ͱද͞ΕΔू߹ Jn(n ∈Z)
Ͱ͋Δɻ
࿈݁ੑʹؔ࿈ͨ֓͠೦ʹހঢ়࿈݁ੑ͕͋Δɻ
ఆٛ 3.2 (ހঢ়࿈݁ੑ). x0, x1 ΛҐ૬ۭؒ X ͷ఺ͱ͢Δɻx0 ͔Β x1 ΁ͷಓ (path) Λ (0) = x0, (1) = x1 Λ
ຬͨ͢࿈ଓؔ਺  : [0,1] → X ͱͯ͠ఆٛ͢ΔɻҐ૬ۭؒ X ʹͦͷ೚ҙͷ 2 ఺Λ݁Ϳಓ͕ଘࡏ͢Δͱ͖ހঢ়
࿈݁ (path-connected) Ͱ͋Δͱݴ͏ɻ
ิ୊ 3.10. ހঢ়࿈݁ͳҐ૬ۭؒ͸࿈݁Ͱ͋Δɻ
ূ໌. X Λހঢ়࿈݁ͳҐ૬ۭؒͱ͠ɼ f : X → Z Λ࿈ଓͳ੔਺஋ؔ਺ͱ͢Δɻx0, x1 Λ X ͷ೚ҙͷ 2 ఺ͱ͢
Ε͹ (0) = x0, (1) = x1 Λຬͨ͢࿈ଓؔ਺  : [0,1] → X ͕ଘࡏ͢Δɻͦͷͱ͖ f ◦ : [0,1] → Z ͸ [0,1]
্Ͱఆٛ͞Εͨ࿈ଓͳ੔਺஋ؔ਺Ͱ͋Δʢ࿈ଓؔ਺ͷ߹੒ؔ਺Ͱ͋Δ͔Βʣ ɻ͜͜Ͱ [0,1] ͸࿈݁Ͱ͋Δ͔Β
ʢิ୊ 3.7ɼ3.8ʣf ◦ ͸Ұఆͷ஋ΛͱΔʢิ୊ 3.6ʣ ɻ͕ͨͬͯ͠ f (x0) = f (x1) Ͱ͋ΓɼX ্ͷ͢΂ͯͷ࿈ଓ
ͳ੔਺஋ؔ਺͸ҰఆͰ͋ΔɻΑͬͯิ୊ 3.6 ʹΑΓ X ͸࿈݁Ͱ͋Δɻ ,
࣍ʹੵۭؒͷ࿈݁ੑʹ͍ͭͯߟ͑ͯΈΑ͏ɻͦͷલʹ४උͱ͍͔ͯͭ͘͠ͷࣄ࣮Λࣔ͢ɻ
Ґ૬ۭؒ X ͷ෦෼ू߹ B, C ͕
¯ B ∩C = ∅, B ∩ ¯ C = ∅
Λຬͨ͢ͱ͖཭Εͨू߹Ͱ͋Δͱݴ͏ʢB = ∅ ͋Δ͍͸ C = ∅ Ͱ͋ͬͯ΋Α͍ʣ ɻ
ิ୊ 3.11. A ΛҐ૬ۭؒ X ͷ෦෼ू߹ͱ͢Δͱ͖ɼ࣍ͷ৚݅͸ಉ஋Ͱ͋Δɻ
(a) A ͸࿈݁Ͱ͋Δɻ
(b) B, C Λ A = B ∪C Λຬͨ͢ X ͷ཭Εͨू߹ͱ͢Ε͹ B = ∅ ͔ɼ·ͨ͸ C = ∅ Ͱ͋Δɻ
(c) G, H Λ A ⊂ G ∪ H Λຬͨ͢ X ͷ཭Εͨू߹ͱ͢Ε͹ A ⊂ G ͔ɼ·ͨ͸ A ⊂ H Ͱ͋Δɻ
ূ໌. (1). (a)⇒(b)
B, C ͸ (b) ͷԾఆΛຬͨ͢ͱ͢ΔɻB ͷ A ʹ͓͚Δʢ૬ରҐ૬ͷҙຯͰͷʣดแ͸ ¯ B ∩ A ʹ౳͍͠ɻ
͜ΕΑΓ
¯ B ∩ A = ¯ B ∩(B ∪C) = ( ¯ B ∩ B)∪( ¯ B ∩C) = B
Ͱ͋Δ ( ¯ B ∩C = ∅) ͔Β B ͸ A ʹ͓͍ͯดू߹Ͱ͋Δɻಉ༷ʹ C ΋ A ͷดू߹ͱͳΔɻ͕ͨͬͯ͠
B, C ͸ A ʹ͓͍ͯ։ू߹͔ͭดू߹Ͱ͋ΔɻA ͕࿈݁Ͱ͋Δ͔Β B = ∅ ·ͨ͸ C = ∅ Ͱ͋Δɻ
(2). (b)⇒(c)
G, H ͸ (c) ͷԾఆΛຬͨ͢ͱ͢ΔɻB = A∩G, C = A∩ H ͱ͓͘ͱ B, C ͸཭Εͨू߹Ͱɼ͔ͭ
B ∪C = A Λຬͨ͢ɻ͕ͨͬͯ͠ (b) ͕੒Γཱͯ͹ B = ∅ ·ͨ͸ C = ∅ Ͱ͋ΔɻB = ∅ ͳΒ͹ A ⊂ H
Ͱ͋ΓɼC = ∅ ͳΒ͹ A ⊂ G Ͱ͋Δɻ3 ϗϞϩδʔ܈ 31
(3). (c)⇒(a)
G, H ͸ A ͷดू߹Ͱ A = G ∪ H, G ∩ H = ∅ Λຬͨ͢ͱ͢Δɻ͜ͷͱ͖
¯ G ∩ H = ¯ G ∩(A∩ H) = ( ¯ G ∩ A)∩ H
Ͱ͋Δ͕ɼ( ¯ G∩ A)∩ H ͸ G ͷ A ʹ͓͚Δดแͱ H ͷڞ௨෦෼ʹ౳͍͠ɻG ͕ดू߹Ͱ͋Δ͔ΒͦΕ
͸ G ∩ H ʹ౳͘͠ɼԾఆΑΓۭू߹Ͱ͋Δɻಉ༷ʹ G ∩ ¯ H = ∅ ͱͳΔ͔ΒɼG, H ͸཭Εͨू߹Ͱ͋
Δɻ͕ͨͬͯ͠ (c) ͕੒Γཱͯ͹ A ⊂ G ͔, ·ͨ͸ A ⊂ H Ͱ͋ΔɻA ⊂ G ͳΒ͹ H = ∅ɼA ⊂ H ͳΒ
͹ G = ∅ ͱͳΓɼA ͸࿈݁Ͱ͋Δɻ
,
ิ୊ 3.12. Ґ૬ۭؒ X ʹ͓͍ͯɼ࿈݁ͳू߹͔ΒͳΔ X ͷ෦෼ू߹ͷ଒ʢ૊ʣM = {M|  ∈ 3}ʢ ͸൪߸
ͱߟ͑Ε͹Α͍ʣʹର͠
 ∈ 3 ͳΒ͹ M∩ M ̸= ∅
ͱͳΔ  ∈ 3 ͕ଘࡏ͢Δͱ͖ɼM = ∪{M|  ∈ 3} ͸࿈݁Ͱ͋Δɻ
͢ͳΘͪɼ͢΂ͯͷ࿈݁ू߹ͱۭͰͳ͍ڞ௨෦෼Λ࣋ͭΑ͏ͳू߹͕ଘࡏ͢Ε͹࿈݁ू߹ͷ࿨ू߹͸࿈݁Ͱ
͋Δɻ
ূ໌. G, H ͸཭Εͨ X ͷ෦෼ू߹ͰɼM ⊂ (G ∪ H) Λຬͨ͢΋ͷͱ͢ΔɻM ͸࿈݁ू߹Ͱ M ⊂ M ⊂
(G ∪ H) Ͱ͋Δ͔Βิ୊ 3.11 ʹΑΓ M ⊂ G, M ⊂ H ͷ͍ͣΕ͔͕੒Γཱͭɻಉ༷ʹ M ʹ͍ͭͯ΋
M ⊂ G, M ⊂ H ͷ͍ͣΕ͔͕੒ΓཱͭɻM ⊂ GʢM∩H = ∅ʣͱԾఆͯ͠ΈΑ͏ɻͦͷͱ͖೚ҙͷ  ∈ 3
ʹ͍ͭͯ M∩ M ̸= ∅ Ͱ͋Δ͔Β M ⊂ H ͱ͸ͳΒͳ͍ɻ͢ͳΘͪ M ⊂ G Ͱ͋Δɻ͕ͨͬͯ͠ M ⊂ G ͱ
ͳΓɼิ୊ 3.11 ʹΑΓ M ͸࿈݁Ͱ͋Δɻ ,
ܥ 3.13. Ґ૬ۭؒ X ͷ೚ҙͷ 2 ఺͕ɼͱ΋ʹ͋ΔಉҰͷ࿈݁ू߹ʹؚ·ΕΔͳΒ͹ X ͸࿈݁Ͱ͋Δɻ
ূ໌. X ͷ 1 ఺ a ͱ X ͷ೚ҙͷ఺ x ʹ͍ͭͯɼa, x ͷ྆ํΛؚΉ࿈݁ू߹Λ M(a,x) ͱ͢ΔɻM =
{M(a,x)| x ∈ X} ͱ͓͘ͱɼ͢΂ͯͷ x ∈ X ʹ͍ͭͯͷ M(a,x) ͷ࿨ू߹͸ X ʹ౳͍͠ɼ͢ͳΘͪ X =
∪{M(a,x)| x ∈ X} Ͱ͋Δ͕ɼx0 Λ X ͷ͋Δ఺ͱ͢Δͱ͖ɼ͢΂ͯͷ x ∈ X ʹ͍ͭͯ
a ∈ M(a,x0)∩ M(a,x) ͢ΘΘͪ M(a,x0)∩ M(a,x) ̸= ∅
ͱͳΔʢগͳ͘ͱ΋ a ͸ M0 ͱ M ʹؚ·ΕΔʣͷͰิ୊ 3.12 ʹΑΓ X ͸࿈݁Ͱ͋Δɻ ,
͞Βʹ࣍ͷิ୊Λࣔ͢ɻ
ิ୊ 3.14. X ͱ Y ͕ಉ૬ͳҐ૬ۭؒͰ͋Δͱ͢Δɻͦͷͱ͖ X ͕࿈݁ͳΒ͹ Y ΋࿈݁Ͱ͋Δɻ
ূ໌. ಉ૬ࣸ૾ f : X → Y ͕ଘࡏ͢Δͱ͢ΔɻA ͕ Y ͷ։ू߹͔ͭดू߹Ͱ͋Δͱ͢Δͱɼ f ͷ࿈ଓੑʹ
Αͬͯ f −1(A) ͸ X ͷ։ू߹͔ͭดू߹Ͱ͋ΔɻX ͸࿈݁Ͱ͋Δ͔Β f −1(A) = X ·ͨ͸ f −1(A) = ∅ Ͱ͋
Δɻ f ͸શࣹͰ͋Δ͔Β f ( f −1(A)) = A ͓Αͼ f (X) = Y ͱͳΔɻ͕ͨͬͯ͠ A = f (X)(= Y)ʢ f −1(A) = X
ͷͱ͖ʣ·ͨ͸ A = ∅ʢ f −1(A) = ∅ ͷͱ͖ʣͰ͋ΓɼY ͸࿈݁Ͱ͋Δɻ ,
Ҏ্ͷ݁Ռ͔Β࣍ͷఆཧ͕ಋ͔ΕΔɻ
ఆཧ 3.15. Ґ૬ۭؒ X1, X2, :::, Xr ͕֤ʑ࿈݁Ͱ͋Ε͹ɼੵۭؒ X1× X2×···× Xr ΋࿈݁Ͱ͋Δɻ3 ϗϞϩδʔ܈ 32
ূ໌. ੵۭؒΛߏ੒͢Δू߹ͷݸ਺ r ʹ͍ͭͯͷؼೲ๏Ͱূ໌͢Δɻr = 1 ͷͱ͖͸໌Β͔ɻr −1 ͷͱ͖ʹ੒
Γཱͭ΋ͷͱԾఆ͢ΔɻX1× X2×···× Xr ͷ೚ҙͷ 2 ఺ a = (a1,··· ,ar), b = (b1,··· ,br) ʹରͯ͠ɼ෦෼ू߹
M1 = {a1}× X2×···× Xr, M2 = X1×···× Xr−1×{br}
͸ɼͦΕͧΕ X2 ×···× Xr ͱ X1 ×···× Xr−1 ʹಉ૬Ͱ͋Δ͔Βɼؼೲ๏ͷԾఆʹΑͬͯ࿈݁Ͱ͋Δɻ·ͨ
(a1,··· ,ar−1,br) ͱ͍͏఺͸ M1, M2 ྆ํʹଐ͍ͯ͠Δɼ͢ͳΘͪ (a1,··· ,ar−1,br) ∈ M1∩ M2 Ͱ͋Δɻิ୊
3.12 ΑΓ M1 ∪ M2 ͸ a, b ΛؚΉ࿈݁ͳू߹Ͱ͋Δʢa ͸ M1 ʹɼb ͸ M2 ʹؚ·Ε͍ͯΔʣ ɻ͕ͨͬͯ͠ܥ
3.13 ʹΑΓ X1× X2×···× Xr ͸࿈݁Ͱ͋Δɻ ,
3.6 ୯ମతෳମͷ࿈݁ੑͱϗϞϩδʔ܈
࣍ʹ࿈݁ͳ୯ମతෳମͷϗϞϩδʔ܈ʹ͍ͭͯߟ͑Α͏ɻ
ิ୊ 3.16. K Λ୯ମతෳମͱ͢ΔɻK ͸ޓ͍ʹڞ௨෦෼Λ࣋ͨͣɼͦΕΒͷଟ໘ମ͕ K ͷଟ໘ମ |K| ͷ࿈݁
੒෼Ͱ͋ΔΑ͏ͳ෦෼ෳମ K1, K2, :::, Kr ʹ෼ׂ͞ΕΔɻ
ূ໌. K ͷଟ໘ମͷ࿈݁੒෼Λ X1, X2, :::, Xr ͱ͠ɼ֤ j ʹ͍ͭͯ  ⊂ Xj Ͱ͋ΔΑ͏ͳ K ͷ୯ମ  શମ
ͷ଒Λ Kj ͱ͢Δɻ͋Δ୯ମ͕ Kj ʹଐ͍ͯ͠Ε͹ͦͷ͢΂ͯͷ໘΋ Kj ʹଐ͍ͯ͠Δ͔Β K1, K2, :::, Kr
͸ K ͷ෦෼ෳମͰ͋Δɻ|K| ͷ࿈݁੒෼ X1, X2, :::, Xr ͕ޓ͍ʹڞ௨෦෼Λ࣋ͨͳ͍ͷͰ͜ΕΒͷ෦෼ෳ
ମಉ࢜΋ޓ͍ʹڞ௨෦෼Λ࣋ͨͳ͍ɻ͞Βʹ୯ମ  ࣗ਎͕ X ͷ࿈݁ͳ෦෼ू߹Ͱ͋Γʢ͜Ε͕ހঢ়࿈݁Ͱ
͋Δ͜ͱ͸໌Β͔ͳͷͰ࿈݁Ͱ΋͋Δʣ ɼ࿈݁੒෼ͷఆ͔ٛΒ࿈݁ͳ෦෼ू߹͸͍ͣΕ͔ͷ࿈݁੒෼ʹؚ·
Ε͍ͯΔͷͰ  ∈ K Ͱ͋Ε͹ɼ͋Δ j ʹ͍ͭͯ  ∈ Xj Ͱ͋Δɻͦ͏͢Δͱ  ∈ Kj ͱͳΔɻ͕ͨͬͯ͠
K = K1∪ K2∪···Kr ͓Αͼ |K| = |K1|∪|K2|∪···|Kr| ͕ಘΒΕΔɻ ,
ิ୊ 3.17. K Λ୯ମతෳମͱ͠ɼK = K1∪K2∪···∪Kr ͱද͞ΕΔ΋ͷͱ͢Δɻͨͩ͠ K1, K2, :::, Kr ͸ޓ
͍ʹڞ௨෦෼Λ࣋ͨͳ͍ɻͦͷͱ͖͢΂ͯͷ੔਺ q ʹ͍ͭͯ
Hq(K) ∼ = Hq(K1)⊕ Hq(K2)⊕···Hq(Kr)
Ͱ͋Δɻ
ূ໌. q < 0, q > dimK ʹ͍ͭͯ͸ Hq(K) = 0 ͳͷͰ 0 ≤ q ≤ dimK ͷ৔߹Λߟ͑Ε͹Α͍ɻK ͷ q ࠯ c ͸
֤ Kj(j = 1,2,:::,r) ͷ q ࠯ cj ʹΑͬͯ
c = c1+c2+···+cr
ͱද͞ΕΔɻ͕ͨͬͯ͠
Cq(K) ∼ = Cq(K1)⊕Cq(K2)⊕···⊕Cq(Kr)
Ͱ͋Δɻz Λ K ͷ q ྠମʢ͢ͳΘͪ z ∈ Cq(K) Ͱ @q(z) = 0 Λຬͨ͢ʣͱ͢Δͱ z Λ֤ Kj ͷ q ࠯ zj Λ༻͍ͯ
z = z1+z2+···+zr
ͱද͢͜ͱ͕Ͱ͖Δɻ͜͜Ͱ
0 = @q(z) = @q(z1)+@q(z2)+···+@q(zr)
Ͱ͋Γɼ֤ @q(zj) ͸ Kj ͷ q−1 ࠯Ͱ͋Δɻ͜Ε͕੒ΓཱͭͨΊʹ͸֤ @q(zi) = 0 Ͱͳ͚Ε͹ͳΒͣɼ֤ @q(zi)
͸ Kj ͷ q ྠମͰ͋Δɻ͕ͨͬͯ͠
Zq(K) ∼ = Zq(K1)⊕ Zq(K2)⊕···⊕ Zq(Kr)3 ϗϞϩδʔ܈ 33
͕ಘΒΕΔɻ࣍ʹ b Λ K ͷ q ڥքྠମͱ͢Δͱɼ͋Δ q +1 ࠯ c ʹΑͬͯ b = @q+1(c) ͱද͞Εɼ͞Βʹ
c = c1+c2+···+cr
Ͱ͋Δ͔Βɼbj = @q+1(cj)(j = 1,2,:::,r) ʹΑͬͯ
b = b1+b2+···+br
ͱͳΓ
Bq(K) ∼ = Bq(K1)⊕ Bq(K2)⊕···⊕ Bq(Kr)
ΛಘΔɻ͕ͨͬͯ͠
Hq(K) ∼ = Hq(K1)⊕ Hq(K2)⊕···⊕ Hq(Kr)
Ͱ͋Δɻ ,
K Λ୯ମతෳମɼy, z Λͦͷ௖఺ͱͯ࣍͠ͷఆٛΛஔ͘ɻ
ఆٛ 3.3 (୯ମతෳମͷ࿈݁ੑ). ୯ମతෳମ K ͷ೚ҙͷ 2 ͭͷ௖఺ y, z ʹ͍ͭͯ K ͷ௖఺ͷྻ v0, v1, :::, vm
Ͱ v0 = y ͔ͭ vm = z ͱͳΔΑ͏ͳ΋ͷ͕͋Γɼvj−1 ͱ vj ͱΛ݁Ϳઢ෼͕ K ͷลʢ1 ࣍ݩ୯ମʣʹͳ͍ͬͯ
Δͱ͖ɼK ͸࿈݁ (connected) Ͱ͋Δͱݴ͏ɻ
͜Ε͸ K ͷ೚ҙͷ 2 ͭͷ௖఺͕ K ͷ 1 ࣍ݩ୯ମʢลʣͷྻʹΑͬͯ݁͹ΕΔ͜ͱΛҙຯ͢Δɻ
ิ୊ 3.18. ୯ମతෳମ K ͷଟ໘ମ |K| ͸ɼK ্͕ͷҙຯͰ࿈݁Ͱ͋Δͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ࿈݁ͳҐ૬
ۭؒͰ͋Δɻ
ূ໌. K ্͕ͷҙຯͰ࿈݁ͳΒ͹ଟ໘ମ |K| ͸໌Β͔ʹހঢ়࿈݁Ͱ͋Δ͔Β࿈݁Ͱ͋Δ*17ɻ
࣍ʹ |K| ͕࿈݁ͳҐ૬ۭؒͳΒ͹ K ͕࿈݁Ͱ͋Δ͜ͱΛࣔ͞ͳ͚Ε͹ͳΒͳ͍ɻK ͷ௖఺ v0 ΛબͼɼK
ͷ͢΂ͯͷ௖఺͕ v0 ͱ 1 ࣍ݩ୯ମͷྻʹΑͬͯ݁͹ΕΔ͜ͱΛࣔ͢ɻͦͷΑ͏ͳ K ͷ୯ମͷ૊Λ K0 ͱ͢
Δɻ͋Δ୯ମ  ͕ K0 ʹଐ͍ͯ͠Ε͹  ͷ͢΂ͯͷ໘΋ K0 ʹଐ͍ͯ͠Δ͔Β K0 ͸ K ͷ෦෼ෳମͰ͋Δɻ
͕ͨͬͯ͠ K0 ʹଐ͞ͳ͍͢΂ͯͷ୯ମͷ૊ K1 ΋ K ͷ෦෼ෳମͰ͋Γɼ͔ͭ K0∩ K1 = ∅, K0∪ K1 = K ͕
੒Γཱͭɻ͕ͨͬͯ͠ |K0|∩|K1| = ∅, |K0|∪|K1| = |K| ͕ಘΒΕΔɻK0, K1 ͷଟ໘ମ |K0|, |K1| ͸ |K| ͷ
ด෦෼ू߹Ͱ͋Δ͔Βɼ|K| ͷ࿈݁ੑΑΓ |K0| ͔ |K1| ͷ͍ͣΕ͔͕ۭू߹Ͱͳ͚Ε͹ͳΒͳ͍*18ɻ͔͠͠
v0 ∈ K0 Ͱ͋Δ͔Β K1 = ∅ ͔ͭ K0 = K Ͱ͋Γɼ͢΂ͯͷ K ͷ௖఺͕ v0 ͱ 1 ࣍ݩ୯ମͷྻͰ݁͹ΕΔɻ ,
ఆཧ 3.19. K Λ୯ମతෳମͱ͢ΔɻK ͷଟ໘ମ |K| ͕࿈݁ͳΒ͹ H0(K) ∼ = Z Ͱ͋Δɻ
ূ໌. u1, u2, :::, ur Λ K ͷ௖఺ͱ͢ΔɻK ͷ 0 ࠯͸ n1, n2, :::, nr Λ੔਺ͱͯ࣍͠ͷΑ͏ʹද͞ΕΔɻ
n1 < u1 > +n2 < u2 > +···+n1 < ur >
͕ͨͬͯ͠४ಉܕ " : C0(K) → Z ͕࣍ͷΑ͏ʹఆٛ͞ΕΔɻ
"(n1 < u1 > +n2 < u2 > +···+n1 < ur >) = n1+n2+···+nr
y, z ͕ K ͷ 1 ࣍ݩ୯ମͷ௖఺Ͱ͋Ε͹ "(@1 < y,z >) = "(< z > − < y >) = 0 Ͱ͋Δɻ͕ͨͬͯ͠ "◦@1 = 0
Ͱ͋Δ͔Β B0(K) ⊂ ker " Ͱ͋Δɻ
*17 |K| ͷ͋Δ఺ͱͦΕΛؚΉ୯ମͷ௖఺ͱΛઢ෼Ͱ݁Ϳ͜ͱ͕Ͱ͖Δ͔Β |K| ͷ೚ҙͷ 2 ఺Λ݁Ϳઢ෼ͷྻ͕ଘࡏ͢Δɻ
*18 ͲͪΒ΋ۭू߹Ͱ͸ͳ͍ͱ͢Δͱดू߹ͷิू߹͸։ू߹Ͱ͋Γɼ|K0|∪|K1| = |K| Ͱ͋Δ͔Β |K0| ͱ |K1| ͸͓ޓ͍ʹิ
ू߹Ͱ͋Γͱ΋ʹ։ू߹͔ͭดू߹ͱͳͬͯ͠·͏ͷͰ X ͷ࿈݁ੑʹ൓͢Δɻ3 ϗϞϩδʔ܈ 34
v0, v1, :::, vm Λ 1 ࣍ݩ୯ମͷྻΛͳ͢௖఺ͱ͢Δͱ








ΛಘΔɻ|K| ͸࿈݁Ͱ͋Δ͔Β K ͷ͢΂ͯͷ௖఺͸ 1 ࣍ݩ୯ମͷྻͰ݁͹ΕΔɻ͕ͨͬͯ͠ K ͷ೚ҙͷ௖఺
y, z ʹ͍ͭͯ < z > − < y >∈ B0(K) Ͱ͋Δɻ
c ∈ ker " ͱ͢Δͱ c =
Pr
j=1nj < uj > ͔ͭ
Pr
j=1nj = 0 Ͱ͋Δ͔Β n1 = −
Pr
j=2nj ͱͳΔͷͰ c =
Pr
j=2nj(< uj > − < u1 >) ͱද͢͜ͱ͕Ͱ͖Δɻ͔͠͠ < uj > − < u1 >∈ B0(K) ͳͷͰ c ∈ B0(K) Ͱ͋Δ
͔Β ker " ⊂ B0(K) Ͱ͋Δɻ͕ͨͬͯ͠ɼ্ͷ B0(K) ⊂ ker " ͱ߹Θͤͯ ker " = B0(K) ΛಘΔɻ
" : C0(K) → Z ͸͢΂ͯͷ੔਺ͷ஋ΛͱΓಘΔͷͰશࣹͰ͋Γɼͦͷ֩ ker " ͸ B0(K) ʹ౳͍͠ɻ͕ͨͬ͠
ͯ४ಉܕఆཧʹΑͬͯ C0(K)=B0(K) ∼ = Z(= image ") ΛಘΔ͕ Z0(K) = C0(K)ʢఆٛʹΑͬͯ @0 = 0 Ͱ͋
ΔʣͰ͋Δ͔Β H0(K) = Z0(K)=B0(K) ∼ = Z ͕ಋ͔ΕΔɻ ,
ఆཧ 3.19ɼิ୊ 3.16ɼ3.17 ΑΓ࣍ͷ݁ՌΛಘΔɻ
ܥ 3.20. K Λ୯ମతෳମͱ͠ɼ|K| ͕ r ݸͷ࿈݁੒෼͔Βͳ͍ͬͯΔͱ͢Δͱ
H0(K) ∼ = Z⊕Z⊕···⊕Z ʢr ݸʣ
࣍ʹਲ਼ෳମʹ͍ͭͯߟ͑Δɻ
ิ୊ 3.21. K Λ୯ମతෳମͱ͢ΔɻK ͷ௖఺ w Ͱ࣍ͷ৚݅Λຬͨ͢΋ͷ͕͋ΔͱԾఆ͢Δɻ
v0, v1, :::, vq ͕ K ͷ୯ମΛுΕ͹ɼw, v0, v1, :::, vq ΋ K ͷ୯ମΛுΔɻ
͜ͷԾఆ͸ K ͷ͋ΒΏΔ q ࣍ݩ୯ମʹ w ΛՃ͑Ε͹ q +1 ࣍ݩ୯ମʹͳΔ͜ͱΛҙຯ͢Δɻͦͷͱ͖
H0(K) ∼ = Z Ͱ͋Γɼ͢΂ͯͷ q > 0 ʹ͍ͭͯ Hq(K) = 0 Ͱ͋Δɻ
্هͷ৚݅Λຬͨ͢୯ମతෳମΛਲ਼ෳମ (cone complex) ͱݺͿɻ
ূ໌. v Λ K ͷ೚ҙͷ௖఺ͱ͢Δͱ v ͱ w Λͱ΋ʹ௖఺ͱͯ࣋ͭ͠୯ମ͕ଘࡏ͢Δɻ͕ͨͬͯ͠೚ҙͷ K ͷ
2 ͭͷ௖఺͸ w Λհͯ͠ 1 ࣍ݩ୯ମͷྻͰ݁Ϳ͜ͱ͕Ͱ͖ΔͷͰ K ͸࿈݁Ͱ͋Δ͔Β H0(K) ∼ = Z Ͱ͋Δʢఆ
ཧ 3.19ʣ ɻ
࣍ʹ q > 0 ͷ৔߹Λߟ͑Α͏ɻ
Dq(< v0,v1,:::,vq >) =< w,v0,v1,:::,vq >
ͱ͢Δͱɼv0, v1, :::, vq Λ K ͷ୯ମΛுΔ௖఺ͱͯ͠
@q+1(Dq(< v0,v1,:::,vq >)) = @q+1(< w,v0,v1,:::,vq >)
= < v0,v1,:::,vq > +
q X
j=0
(−1)j+1 < w,v0,:::,ˆ vj,:::,vq >
= < v0,v1,:::,vq > −Dq−1(@q(< v0,v1,:::,vq >))
͕ಘΒΕΔɻ͕ͨͬͯ͠ɼ͢΂ͯͷ c ∈ Cq(K) ʹ͍ͭͯ
@q+1(Dq(c))+ Dq−1(@q(c)) = c
͕ಘΒΕΔɻಛʹ͢΂ͯͷ z ∈ Zq(K) ʹ͍ͭͯ z = @q+1(Dq(z)) Ͱ͋Δ͔Βʢ@qz = 0 Ͱ͋ΔʣZq(K) ⊂ Bq(K)
Ͱ͋ΔɻҰํ Bq(K) ⊂ Zq(K) Ͱ͋Δ͔Β Zq(K) = Bq(K) ͕ಘΒΕΔɻҎ্ʹΑͬͯ͢΂ͯͷ q > 0 ʹ͍ͭ
ͯ Hq(K) = 0 ͕ಘΒΕΔɻ ,3 ϗϞϩδʔ܈ 35
ྫ 3.5. ͋Δ୯ମ  ͱͦͷ͢΂ͯͷ໘ʢลɼ௖఺ΛؚΉʣ͔ΒͳΔ୯ମతෳମ K ͸্ͷิ୊ͷԾఆΛຬͨ͠
͍ͯΔɻͦͷ৔߹ w ͱͯ͠͸͋ΒΏΔ  ͷ௖఺ΛͱΔ͜ͱ͕Ͱ͖Δɻ·ͨɼͦͷ K Λ 1 ճॏ৺෼ׂͯ͠Ͱ
͖ͨ୯ମతෳମ K′
 ΋ͦͷԾఆΛຬͨ͢ɻ͜ͷ৔߹ w ͱͯ͠͸  ͷॏ৺ΛͱΒͳ͚Ε͹ͳΒͳ͍ɻ͕ͨͬ͠
ͯ H0(K) ∼ = Z, H0(K′
) ∼ = Z Ͱ͋Γɼq > 0 ʹରͯ͠͸ Hq(K) = Hq(K′
) = 0 Ͱ͋Δɻ
ྫ 3.6. ্ͷྫ͸ n(n = 1) ࣍ݩ୯ମ 1n ͱͦͷ͢΂ͯͷ໘ΛؚΉ୯ମతෳମ K(1n) ʹ͍ͭͯ H0(K(1n)) ∼ = Z,
Hq(K(1n)) = 0(q > 0) Λҙຯ͢Δ͕ɼK ͔Β 1n ࣗ਎Λআ͍ͨ΋ͷɼ͢ͳΘͪ 1n ʹؚ·ΕΔ n−1 ࣍ݩҎԼ
ͷ͢΂ͯͷ໘͔ΒͳΔ୯ମతෳମΛ K(@1n) ͱͯͦ͠ͷϗϞϩδʔ܈ΛٻΊͯΈΑ͏ɻn = 2 ͱԾఆ͢Δɻ
K(1n) ͷ q ࣍ݩ࠯܈ Cq(K(1n)) ͱ K(@1n) ͷ q ࣍ݩ࠯܈ Cq(K(@1n)) Λൺֱ͢Δͱɼq = 0,1,:::,n−1 ʹ
͍ͭͯ͸
Cq(K(1n)) = Cq(K(@1n))
Ͱڥք४ಉܕ @q ΋ q = 0,1,:::,n−1 ʹ͍ͭͯ͸౳͍͠ɻ͕ͨͬͯ͠
Zq(K(1n)) = Zq(K(@1n)) (q = 0,1,:::,n−1)
Bq(K(1n)) = Bq(K(@1n)) (q = 0,1,:::,n−2) ʢn−2 ʹ஫ҙʣ
ͱͳΓ q = 0,1,:::,n−2 ʹ͍ͭͯ
Hq(K(1n)) = Hq(K(@1n))
͕ಘΒΕΔɻ·ͨิ୊ 3.21ΑΓ Hn−1(K(1n)) = Zn−1(K(1n))=Bn−1(K(1n)) = 0 ͔Β
Zn−1(K(1n)) ∼ = Bn−1(K(1n))
Ͱ͋ΔɻҰํ
Cn(K(1n)) = {c : c = n1n, n ∈ Z}
Ͱ͋Δ͔ΒɼCn(K(1n)) ∼ = Z Ͱ͋Γ
Bn−1(K(1n)) = {b : b = n@n(1n), n ∈ Z}
ΑΓ
Zn−1(K(1n)) ∼ = Bn−1(K(1n)) ∼ = Z
ͱͳΔɻ͜ΕΑΓ
Zn−1(K(@1n)) = Zn−1(K(1n)) ∼ = Z
͕ಘΒΕΔɻҰํ K(@1n) ʹ͸ n ࣍ݩͷ୯ମ͸ଘࡏ͠ͳ͍ͷͰ Cn(K(@1n))=0 Ͱ͋Δ͔Β
Bn−1(K(@1n)) = 0
ͳͷͰ
Hn−1(K(@1n)) = Zn−1(K(@1n))=Bn−1(K(@1n)) ∼ = Z
ͱͳΔɻ͜ͷ఺͚͕ͩ K(1n) ͱ K(@1n) ͷϗϞϩδʔ܈ͷҧ͍Ͱ͋Δɻ
Ҏ্͸ n = 2 ͷ৔߹Ͱ͋Δ͕ɻn = 1 ͷ৔߹ 11 ͸ઢ෼ͱͳΓɼ@11 ͸ͦͷઢ෼ͷ྆୺ͷ 2 ఺ʹΑͬͯߏ੒
͞ΕΔɻ͕ͨͬͯ͠࿈݁ͳ 2 ͭͷ୯ମతෳମͷ࿨ू߹ͱͳΔͷͰ
Hq(@11) = Z⊕Z (q = 0)
Hq(@11) = 0 (q > 0)
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3.7 ϗϞϩδʔ୅਺ɼ׬શܥྻ






→ H → ···
F, G, H ͸Ξʔϕϧ܈ɼp, q ͸४ಉܕͰ͋Δɻ




→ H ͕࣍ͷ৚݅Λຬͨ͢ͱ͖׬શܥྻ (exact
sequence) Ͱ͋Δͱݴ͏ɻ
image (p : F → G) = ker (q : G → H)
Ξʔϕϧ܈ͱ४ಉܕͷܥྻ͕ͦΕʹؚ·ΕΔ֤Ξʔϕϧ܈ʹ͍ͭͯ͜ͷ৚݅Λຬͨ͢ͱ͖׬શܥྻͰ͋Δͱ
ݴ͏ɻ
ิ୊ 3.22. h : G → H ͕Ξʔϕϧ܈ͷ४ಉܕͰ͋Δͱ͢Δɻ
(1). ܥྻ 0 → G
h
→ H ͕׬શܥྻͳΒ͹ɼ·ͨͦͷͱ͖ʹͷΈ४ಉܕ h : G → H ͸୯ࣹͰ͋Δɻ
(2). ܥྻ G
h
→ H → 0 ͕׬શܥྻͳΒ͹ɼ·ͨͦͷͱ͖ʹͷΈ४ಉܕ h : G → H ͸શࣹͰ͋Δɻ
(3). ܥྻ 0 → G
h
→ H → 0 ͕׬શܥྻͳΒ͹ɼ·ͨͦͷͱ͖ʹͷΈ४ಉܕ h : G → H ͸શ୯ࣹͰ͋Δɻ
0 ͸୯ҐݩͷΈ͔ΒͳΔ܈Ͱ͋Δ͔Β 0 → G ͸ 0 ͕ 0 ͚ͩʹରԠ͢Δ४ಉܕɼH → 0 ͸ H ͷ͢΂ͯͷཁ
ૉ͕ 0 ʹରԠ͢Δ४ಉܕΛද͢ɻ
ূ໌. (1). ิ୊ 1.15 ʹΑΓ ker h = 0 ͷͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ h ͸୯ࣹͰ͋Δɻ
(2). H ͷ͢΂ͯͷཁૉ͕ 0 ʹରԠ͢ΔͷͰ image h = H Ͱ͋Δ͔Β h ͸શࣹͰ͋Δɻ
(3). ্ه (1), (2) ΑΓ h ͸શ୯ࣹͰ͋Δɻ
,





→ G=F → 0
͸׬શܥྻͰ͋Δɻͨͩ͠ɼG=F ͸঎܈ɼi ͸แؚ४ಉܕʢแؚࣸ૾Ͱ͋ΔΑ͏ͳ४ಉܕͰ͋ΓɼF ͷ͢΂ͯ
ͷཁૉ͕ɼG ʹؚ·ΕΔͦΕͧΕͱಉҰͷ F ͷཁૉʹରԠ͢Δʣ ɼq : G → G=F ͸঎४ಉܕʢG ͷ֤ཁૉ g
͕ gF ʹରԠ͢ΔʣͰ͋Δɻ
ূ໌. i ͕แؚ४ಉܕͰ͋Δ͔Β ker i = 0(= image 0) ͕੒Γཱͭɻ·ͨ q ͸঎४ಉܕͰ͋Δ͔Β q(g) = FʢF







→ H → 0
ͱ͍͏ܗͷ׬શܥྻ͕༩͑ΒΕΕ͹ F ͱ i(F)ʢแؚࣸ૾ͷ૾ʣΛಉҰࢹ͢Δ͜ͱʹΑͬͯ F Λ G ͷ෦෼܈
ͱݟͯɼH Λ঎܈ G=F ͱಉܕͳ܈ͱݟͳ͢͜ͱ͕Ͱ͖Δɻ͜ͷΑ͏ͳλΠϓͷ׬શܥྻΛ୹׬શܥྻ (short





− − − − → B
g












− − − − → E
k
− − − − → F
q ◦ f = h◦ p ͔ͭ r ◦g = k◦q Ͱ͋Ε͹͜ͷਤࣜ͸Մ׵Ͱ͋Δɻ͢ͳΘͪ A ͔Β Eɼ͋Δ͍͸ B ͔Β F ΁ࢸ
Δͷʹ 2 ͭͷϧʔτͷ͍ͣΕΛ௨ͬͯ΋ಉ݁͡ՌʹͳΔͱ͖ਤࣜ͸Մ׵Ͱ͋Δͱݴ͏ɻ
ิ୊ 3.24. ࣍ͷΞʔϕϧ܈ͱ४ಉܕͷਤ͕ࣜՄ׵Ͱ͋Γɼ্͔ͭԼ 2 ͭͷܥྻ͕׬શܥྻͰ͋Δͱ͢Δɻ
G1
1 − − − − → G2
2 − − − − → G3
3 − − − − → G4












'1 − − − − → H2
'2 − − − − → H3
'3 − − − − → H4
'4 − − − − → H5
ͦͷͱ͖࣍ͷ݁ՌΛಘΔɻ
(1). ४ಉܕ  2,  4 ͕୯ࣹͰ͋Γɼ͔ͭ  1 ͕શࣹͰ͋Ε͹  3 ͸୯ࣹͰ͋Δɻ
(2). ४ಉܕ  2,  4 ͕શࣹͰ͋Γɼ͔ͭ  5 ͕୯ࣹͰ͋Ε͹  3 ͸શࣹͰ͋Δɻ
ূ໌. (1).  2,  4 ͕୯ࣹɼ 1 ͕શࣹͰ͋ΔͱԾఆͯ͠ɼ 3 ͕୯ࣹͰ͋Δ͜ͱΛࣔ͞ͳ͚Ε͹ͳΒͳ͍ɻ
x ∈ G3 ʹ͍ͭͯ  3(x) = 0 ͕ຬͨ͞ΕΔͱ͢Δɻͦͷͱ͖  4(3(x)) = '3( 3(x)) = 0 Ͱ͋Γɼ 4 ͕୯
ࣹͰ͋Δ͔Β 3(x) = 0 Ͱͳ͚Ε͹ͳΒͳ͍ɻ͢ͳΘͪ x ∈ ker 3 Ͱ͋Δɻ͕ͨͬͯ͠׬શܥྻͷ৚݅
ʢker 3 = image 2ʣΑΓɼ͋Δ y ∈ G2 ʹ͍ͭͯ x = 2(y) Ͱͳ͚Ε͹ͳΒͳ͍ɻ͞Βʹ
'2( 2(y)) =  3(2(y)) =  3(x) = 0
Ͱ͋Γɼ׬શܥྻͷ৚݅ʢker '2 = image '1ʣ͔Βɼ͋Δ z ∈ H1 ʹ͍ͭͯ  2(y) = '1(z) Ͱ͋ΔɻҰํ
 1 ͕શࣹͰ͋Δ͜ͱΑΓɼ͋Δ w ∈ G1 ʹ͍ͭͯ z =  1(w) Ͱ͋Δɻ͕ͨͬͯ͠
 2(1(w)) = '1( 1(w)) = '1(z) =  2(y)
ΛಘΔɻ 2 ͕୯ࣹͰ͋Δ͔Β 1(w) = y Ͱ͋Δ͕ɼͦ͏͢Δͱ׬શܥྻͷ৚݅ʢker 2 = image 1ʣʹ
ΑΓ
x = 2(y) = 2(1(w)) = 0
͕ಘΒΕΔɻΑͬͯ ker  3 = {0} ͳͷͰ  3 ͸୯ࣹͰ͋Δɻ
(2).  2,  4 ͕શࣹɼ 5 ͕୯ࣹͰ͋ΔͱԾఆͯ͠ɼ 3 ͕શࣹͰ͋Δ͜ͱΛࣔ͞ͳ͚Ε͹ͳΒͳ͍ɻa ∈ H3
ͱ͢Δͱ  4 ͸શࣹͰ͋Δ͔Βɼ͋Δ b ∈ G4 ʹ͍ͭͯ '3(a) =  4(b) Ͱ͋Δɻ͢Δͱ
 5(4(b)) = '4( 4(b)) = '4('3(a)) = 0
ͱͳΔʢ׬શܥྻͷ৚݅ΑΓ ker '4 = image '3 Ͱ͋Δ͔Βʣ ɻ 5 ͸୯ࣹͰ͋Δ͔Β 4(b) = 0 ͱͳΔɻ
͕ͨͬͯ͠׬શܥྻͷ৚݅ʢker 4 = image 3ʣʹΑΓ 3(c) = b ͱͳΔΑ͏ͳ c ∈ G3 ͕͋ΔɻΑͬͯ
'3( 3(c)) =  4(3(c)) =  4(b) = '3(a)3 ϗϞϩδʔ܈ 38
ͱͳΓ '3(a− 3(c)) = 0 ΛಘΔɻ͕ͨͬͯ͠׬શܥྻͷ৚݅ʢker '3 = image '2ʣʹΑΓ͋Δ d ∈ H2
ʹ͍ͭͯ a− 3(c) = '2(d) ͱͳΔɻҰํ  2 ͸શࣹͰ͋Δ͔Β  2(e) = d Λຬͨ͢ e ∈ G2 ͕ଘࡏ͢Δɻ
͕ͨͬͯ͠
 3(2(e)) = '2( 2(e)) = '2(d) = a− 3(c)




ิ୊ 3.25 (5 ߲ิ୊ (Five-Lemma)). ิ୊ 3.24 ͷՄ׵ͳਤࣜͷ্Լͷܥྻ͕׬શܥྻͰ͋Γɼ 1,  2,  4,  5
͕ಉܕʢશ୯ࣹͰ͋Δ४ಉܕʣͰ͋Δͱ͢Δɻͦͷͱ͖  3 ΋ಉܕͰ͋Δɻ
ূ໌. ิ୊ 3.24 ʹΑΓ  3 ͸୯ࣹ͔ͭશࣹͰ͋Δ͔ΒಉܕͰ͋Δɻ ,
3.8 ࠯ෳମ
ఆٛ 3.5 (࠯ෳମ). ֤ i ∈ Z ʹ͍ͭͯ @i ◦@i+1 = 0 Λຬͨ͢४ಉܕ @i : Ci → Ci−1 Λ൐ͬͯఆٛ͞ΕΔΞʔϕ
ϧ܈ͷྻ (Ci : i ∈ Z) Λ࠯ෳମ (chain complex) ͱݺͼ C∗ Ͱද͢ɻ
·ͨɼC∗ ͷ i ࣍ݩϗϞϩδʔ܈ Hi(C∗) Λ঎܈ Zi(C∗)=Bi(C∗) ʹΑͬͯఆٛ͢Δɻ͜͜ͰɼZi(C∗) ͸
@i : Ci → Ci−1 ͷ֩ (kernel)ɼBi(C∗) ͸ @i+1 : Ci+1 → Ci ͷ૾ (image) Ͱ͋Δɻ
ఆٛ 3.6 (࠯ࣸ૾). C∗, D∗ Λ࠯ෳମͱ͢Δɻ͢΂ͯͷ i ∈ Z ʹ͍ͭͯ fi−1 ◦@i = @i ◦ fi Λຬͨ͢४ಉܕ
fi : Ci → Di ͷྻΛ f : C∗ → D∗ ͱද͠ɼ࠯ࣸ૾ (chain map) ͱݺͿɻ
্هͷ৚݅͸࣍ͷਤ͕ࣜՄ׵ʹͳΔͱ͖ɼ͢ͳΘͪ fi ◦@i+1 = @i+1◦ fi+1, fi−1◦@i = @i ◦ fi ͱͳΔͱ͖ɼ·
ͨͦͷͱ͖ʹͷΈ४ಉܕ fi : Ci → Di ͷ૊ʹΑͬͯ࠯ࣸ૾ f : C∗ → D∗ ͕ఆٛ͞ΕΔ͜ͱΛҙຯ͢Δɻ
··· − − − − → Ci+1
@i+1 − − − − → Ci







··· − − − − → Di+1
@i+1 − − − − → Di
@i − − − − → Di−1 − − − − → ···
ิ୊ 3.26. C∗, D∗ Λ࠯ෳମɼ f : C∗ → D∗ Λ࠯ࣸ૾ͱ͢Δͱɼ͢΂ͯͷ i ∈ Z ʹ͍ͭͯ fi(Zi(C∗)) ⊂ Zi(D∗)
͓Αͼ fi(Bi(C∗)) ⊂ Bi(D∗) ͕੒Γཱͭɻ
ূ໌. (1). fi(Zi(C∗)) ͷཁૉ͸
z = fi(z′) (z′ ∈ Zi(C∗))
ͱද͞ΕΔɻz ∈ Zi(D∗) Λূ໌͢Δʹ͸ @i(z) = 0 Λࣔͤ͹Α͍ɻ
@i(z) = @i( fi(z′)) = fi−1(@i(z′)) = 0 ʢ@i(z′) = 0 ͱ@i ◦ fi = fi−1◦@iΑΓಋ͔ΕΔʣ
Ͱ͋Δɻ
(2). fi(Bi(C∗)) ͷཁૉ͸
b = fi(b′) (b′ ∈ Bi(C∗))3 ϗϞϩδʔ܈ 39
ͱද͞ΕΔɻb′ = @i+1(c) ͱͳΔ c ∈ Ci+1 ͕͋Δ͔Β
b = fi(b′) = fi(@i+1(c)) = @i+1( fi+1(c)) ʢ@i+1◦ fi+1 = fi ◦@i+1ΑΓʣ
͕ͨͬͯ͠ b ∈ Bi(D∗) Ͱ͋Δɻ
,
͜ͷิ୊ʹΑΓ fi : Ci → Di ͔ΒϗϞϩδʔ܈ͷ४ಉܕ f∗ : Hi(C∗) → Hi(D∗) ͕ಋ͔ΕΔɻ͜ͷ४
ಉܕ͸͢΂ͯͷ z ∈ Zi(C∗) ʹ͍ͭͯϗϞϩδʔྨ [z] Λ [ fi(z)] ʹରԠͤ͞Δɻ͜͜Ͱ [z] = z + Bi(C∗),
[ fi(z)] = fi(z)+ Bi(D∗) Ͱ͋Δɻ
ఆٛ 3.7 (࠯ෳମͷ୹׬શܥྻ). ࠯ෳମͷ୹׬શܥྻͱ͸ܥྻ
0 − − − − → Ai
pi − − − − → Bi
qi − − − − → Ci − − − − → 0
͕͢΂ͯͷ i ʹ͍ͭͯ׬શܥྻͱͳΔΑ͏ͳ࠯ෳମ A∗, B∗, C∗ ͱ࠯ࣸ૾ p∗ : A∗ → B∗, q∗ : B∗ → C∗ ͷ૊Λ
ݴ͏ɻ
ఆ͔ٛΒ 0 − − − − → A∗
p∗ − − − − → B∗














0 − − − − → Ai+1
pi+1 − − − − → Bi+1










0 − − − − → Ai
pi − − − − → Bi










0 − − − − → Ai−1
pi−1 − − − − → Bi−1













ิ୊ 3.27. ࠯ෳମͷ୹׬શܥྻ 0 − − − − → A∗
p∗ − − − − → B∗
q∗ − − − − → C∗ − − − − → 0 ʹରͯ͠ z ∈ Zi(C∗) ͷϗ
Ϟϩδʔྨ [z] Λ w ∈ Zi−1(A∗) ͷϗϞϩδʔྨ [w] ʹରԠͤ͞ɼqi(b) = z Λຬͨ͋͢Δ b ∈ Bi ʹ͍ͭͯ
pi−1(w) = @i(b) ͕੒ΓཱͭΑ͏ͳ४ಉܕ
 : Hi(C∗) → Hi−1(A∗)
͕ఆٛ͞ΕΔʢ([z]) = [w] Ͱ͋Δʣ ɻ
ূ໌. z ∈ Zi(C∗) ͱ͢Δɻิ୊ 3.22 ΑΓ qi ͸શࣹͰ͋Δ͔Β qi(b) = z Λຬͨ͢ b ∈ Bi ͕͋Δɻ͞Βʹ
qi−1(@i(b)) = @i(qi(b)) = @i(z) = 0
͕੒Γཱͭʢqi ͕࠯ࣸ૾Ͱ͋Δ͔Βʣ ɻҰํ pi−1 ͸୯ࣹͰ͋Γʢิ୊ 3.22 ΑΓʣ ɼ
0 − − − − → Ai−1
pi−1 − − − − → Bi−1
qi−1 − − − − → Ci−13 ϗϞϩδʔ܈ 40
͕׬શܥྻͰ͋Δ͜ͱʹΑͬͯ pi−1(Ai−1) = image pi−1 = ker qi−1 Ͱ͋Δ͔Βɼ@i(b) = pi−1(w) ͱͳΔΑ͏
ͳͨͩ 1 ͭͷ w ͕͋Δɻ͞Βʹ pi ͕࠯ࣸ૾Ͱ͋Δ͜ͱͱ @i−1◦@i = 0 ΑΓ
pi−2(@i−1(w)) = @i−1(pi−1(w)) = @i−1(@i(b)) = 0
͕ಘΒΕΔɻpi−2 : Ai−2 → Bi−2 ͸୯ࣹͰ͋Δ͔Β @i−1(w)=0 ͱͳΔɻ͜͜Ͱ b,b′ ∈ Bi Λ qi(b)=qi(b′)= z
Λຬͨ͢ཁૉͰ͋Γɼ·ͨ w,w′ ∈ Zi−1(A∗) Λ pi−1(w) = @i(b)ɼpi−1(w′) = @i(b′) Λຬͨ͢ཁૉͰ͋Δͱ͢Δ
ͱɼqi(b′−b) = 0 ͔Βɼ͋Δ a ∈ Ai ʹ͍ͭͯ b′−b = pi(a) ͕੒Γཱͭʢker qi = image pi ΑΓʣ ɻͦͷͱ͖
pi−1(w+@i(a)) =pi−1(w)+ pi−1(@i(a)) = pi−1(w)+@i(pi(a)) = @i(b)+@i(b′−b)
=@i(b′) = pi−1(w′)
͕ಘΒΕΔɻpi−1 : Ai−1 → Bi−1 ͸୯ࣹͰ͋Δ͔Β w+@i(a) = w′ ͱͳΓ [w] = [w′] = Hi−1(A∗)ɼ͢ͳΘͪ
w ͱ w′ ͸ಉ͡ϗϞϩδʔྨʹଐ͢Δʢ@i(a) ∈ Bi−1(A∗) Ͱ͋Δʣ ɻ͕ͨͬͯ͠ɼqi(b) = z Λຬͨ͋͢Δ b ∈ Bi
ʹରͯ͠ pi−1(w) = @i(b) ͱͳΔΑ͏ʹ w ∈ Zi(A∗) ͕બ͹ΕΔܗͰ z ∈ Zi(C∗) Λ [w] ∈ Hi−1(A∗) ʹରԠͤ͞
Δؔ਺ ˆ i : Zi(C∗) → Hi−1(A∗) ͕ఆٛ͞ΕΔɻpi−1, qi ͳͲͦΕͧΕ͕४ಉܕͰ͋Δ͔Β ˆ i ͸ Zi(C∗) ͔Β
Hi−1(A∗) ΁ͷ४ಉܕͰ͋Δɻ
z,z′ ∈ Zi(C∗) Λಉ͡ϗϞϩδʔྨʹଐ͢Δ΋ͷͱ͢Δɻ͢Δͱ͋Δ c ∈ Ci+1 ʹ͍ͭͯ z′ = z+@i+1c Ͱ͋
Γɼ͞Βʹ qi+1 : Bi+1 → Ci+1 ͕શࣹͰ͋Δ͔Βɼ͋Δ d ∈ Bi+1 ʹ͍ͭͯ c = qi+1(d) ͕੒Γཱͭɻqi(b) = z
Λຬͨ͢Α͏ͳ b Λબͼ, b′ = b+@i+1(d) ͱ͓͘ͱ
qi(b′) = z+qi(@i+1(d)) = z+@i+1(qi+1(d)) = z+@i+1(c) = z′
͕ಘΒΕΔɻ͞Βʹ @i(b′) = @i(b+@i+1(d)) = @i(b) Ͱ͋Δʢ@i ◦@i+1=0 ΑΓʣ ɻ͕ͨͬͯ͠ pi−1(w) ͷ஋͕౳
͘͠ w ͕ಉҰʹͳΔ͔Β ˆ i(z) = ˆ i(z′) ͱͳΓɼ४ಉܕ ˆ i : Zi(C∗) → Hi−1(A∗) ʹΑͬͯϗϞϩδʔ܈ͷ४
ಉܕ  : Hi(C∗) → Hi−1(A∗) ͕ಋ͔ΕΔɻ ,
ิ୊ 3.28. 0 − − − − → A∗
p∗ − − − − → B∗
q∗ − − − − → C∗ − − − − → 0 ͓Αͼ
0 − − − − → A′
∗
p′
∗ − − − − → B′
∗
q′
∗ − − − − → C′
∗ − − − − → 0 Λ࠯ෳମͷ୹׬શܥྻɼ : A∗ → A′
∗ ͱ  : B∗ → B′
∗ Λ࠯
ࣸ૾ͱ͠ɼ֤ i ∈ Z ʹ͍ͭͯ i : Hi(C∗) → Hi−1(A∗) ͓Αͼ ′
i : Hi(C′
∗) → Hi−1(A′
∗) Λิ୊ 3.27 Ͱఆٛ͞
Εͨ४ಉܕͱ͢Δɻͦͷͱ͖࣍ͷਤࣜ
0 − − − − → A∗
p∗ − − − − → B∗










0 − − − − → A′
∗
p′
∗ − − − − → B′
∗
q′
∗ − − − − → C′
∗ − − − − → 0
͕͢΂ͯͷ i ∈ Z ʹ͍ͭͯՄ׵Ͱ͋Ε͹ʢp′
i ◦i = i ◦ pi ͔ͭ q′
i ◦i = i ◦qiʣ ɼਤࣜ
Hi(C∗)








i − − − − → Hi−1(A′
∗)
͸ɼ͢΂ͯͷ i ∈ Z ʹ͍ͭͯՄ׵Ͱ͋Δʢ∗◦i = ′
i ◦∗ʣ ɻ
ূ໌. c ∈ Zi(C∗) ͱͯ͠ i−1(i([c])) = ′
i(i([c])) Λࣔ͢ɻqi(b) = c, pi−1(a) = @i(b) ͱͳΔ a ∈ Zi−1(A∗),
b ∈ Bi ΛͱΕ͹ɼi([c]) = [a], q′
i(i(b)) = i(qi(b)) = i(c)ɼp′
i−1(i−1(a)) = i−1(pi−1(a)) = i−1(@i(b)) =3 ϗϞϩδʔ܈ 41
@i(i(b)) Ͱ͋Δ͔Βɼ′
i(i([c])) = [i−1(a)] ͕ಘΒΕΔ*19ɻҰํ i−1(i([c])) = i−1([a]) = [i−1(a)] Ͱ͋
Δɻ͕ͨͬͯ͠ i−1(i([c])) = ′
i(i([c])) ΛಘΔɻ ,
ิ୊ 3.29. 0 − − − − → A∗
p∗ − − − − → B∗
q∗ − − − − → C∗ − − − − → 0 Λ࠯ෳମͷ୹׬શܥྻͱ͢Δɻͦͷͱ͖ϗϞϩ
δʔ܈ͷʢແݶͷʣܥྻ
···
i+1 − − − − → Hi(A∗)
p∗ − − − − → Hi(B∗)
q∗ − − − − → Hi(C∗)
i − − − − → Hi−1(A∗)
p∗ − − − − → Hi−1(B∗)
q∗ − − − − → ···
͸׬શܥྻͰ͋Δɻ͜͜Ͱ i : Hi(C∗) → Hi−1(A∗) ͸ϗϞϩδʔྨ [z](z ∈ Zi(C∗)) ΛϗϞϩδʔྨ [w](w ∈
Zi−1(A∗)) ʹରԠͤ͞Δ४ಉܕͰɼqi(b) = z ͱͳΔ b ∈ Bi ʹ͍ͭͯ pi−1(w) = @i(b) Λຬͨ͢ɻ
ূ໌. (1). image q∗ ⊂ ker i
x ∈ Zi(B∗) ͱ͢Δͱɼpi−1(w) = @i(x) Λຬͨ͢ Zi−1(A∗) ͷͨͩ 1 ͭͷཁૉΛ w ͱͯ͠ i(q∗[x]) =
i([qi(x)]) = [w] ͕੒Γཱͭɻ͜͜Ͱ @i(x) = 0 Ͱ͋Δ͔Β w = 0 Ͱ͋Δʢpi−1 ͸୯ࣹʣ ɻ͕ͨͬͯ͠
i ◦q∗ = 0 ΛಘΔɻ
(2). ker i ⊂ image q∗
[z] ∈ ker i Ͱ͋ΔΑ͏ͳ Zi(C∗) ͷཁૉΛ z ͱ͠ɼb ∈ Bi, w ∈ Zi−1(A∗) Λ qi(b) = z, pi−1(w) = @i(b)
Λຬͨ͢ཁૉͱ͢Δͱɼ[w] = i([z]) = 0 Ͱ͋Δ͔Βʢ[z] ∈ ker iʣ ɼ͋Δ a ∈ Ai ʹ͍ͭͯ w = @i(a)
Ͱ͋Δɻͦ͏͢Δͱ qi(b− pi(a)) = z, @i(b− pi(a)) = @i(b)− pi−1(@i(a)) = @i(b)− pi−1(w) = 0 ͱͳΔ
ʢ׬શܥྻͷ৚݅ΑΓ qi(pi(a)) = 0 Ͱ͋Δʣ ɻ͕ͨͬͯ͠ɼb− pi(a) ∈ Zi(B∗), q∗([b− pi(a)]) = [z] Ͱ
͋Δɻ
(3). image p∗ ⊂ ker q∗
࠯ෳମͷ׬શܥྻͷ৚݅ʹΑͬͯ qi ◦ pi = 0ɼ͢ͳΘͪ q∗ ◦ p∗ = 0 ͕੒Γཱ͔ͭΒ p∗ : Hi(A∗) →
Hi(B∗) ͷ૾ (image) ͸ q∗ : Hi(B∗) → Hi(C∗) ͷ֩ (kernel) ʹؚ·ΕΔɻ
(4). ker q∗ ⊂ image p∗
x Λ [x] ∈ ker q∗ Ͱ͋ΔΑ͏ͳ Zi(B∗) ͷཁૉͱ͢Δͱɼ͋Δ c ∈ Ci+1 ʹ͍ͭͯ qi(x) = @i+1(c) Ͱ͋
Δʢq∗([x]) = 0 ͳͷͰʣ ɻҰํɼqi+1 : Bi+1 → Ci+1 ͕શࣹͰ͋Δ͜ͱ͔Βɼ͋Δ d ∈ Bi+1 ʹ͍ͭͯ
c = qi+1(d) ͱͳΔͷͰ
qi(x −@i+1(d)) = qi(x)−@i+1(qi+1(d)) = qi(x)−@i+1(c) = 0
͕ಘΒΕΔɻ͕ͨͬͯ͠׬શܥྻͷ৚݅ʹΑͬͯɼ͋Δ a ∈ Ai ʹ͍ͭͯ x −@i+1(d) = pi(a) ͱͳΔɻ
͞Βʹ @i(x) = 0ʢx ∈ Zi(B∗) ΑΓʣ͔ͭ @i ◦@i+1 = 0 Ͱ͋Δ͔Β
pi−1(@i(a)) = @i(pi(a)) = @i(x −@i+1(d)) = 0
ΛಘΔɻpi−1 : Ai−1 → Bi−1 ͸୯ࣹͰ͋Δ͔Β @i(a) = 0 ͱͳΓɼa ͸ Hi(A∗) ͷ͋Δཁૉ [a] Λ୅ද
͢Δʢa ∈ Zi(A∗)ʣ ɻΑͬͯ d′ = −d ͱͯ͠
[x] = [x +@i+1(d′)] = [pi(a)] = p∗([a])
͕ಋ͔ΕΔɻ
(5). image i ⊂ ker p∗
z ∈ Zi(C∗) ͱ͢Δɻw ∈ Zi−1(A∗) Λ qi(b) = z ͱͳΔΑ͏ͳ͋Δ b ∈ Bi ʹରͯ͠ pi−1(w) = @i(b) Λຬ
ͨ͢ཁૉͱ͢Δͱ i([z]) = [w] ͕ಘΒΕΔɻ͢Δͱɼp∗(i([z])) = [pi−1(w)] = [@i(b)] = 0 ͱͳΔɻ͠
͕ͨͬͯ p∗◦i = 0 Ͱ͋Δɻ
*19 q′
i(x) = y, p′
i−1(¯ v) = @i(x) ͱͯ͠ ′
i([y]) = [¯ v] ͕ಘΒΕΔɻ͜͜Ͱ͸ x = i(b)ɼy = i(c), ¯ v = i−1(a) Ͱ͋Δɻ3 ϗϞϩδʔ܈ 42
(6). ker p∗ ⊂ image i
w Λ [w] ∈ ker p∗ Λຬͨ͢Α͏ͳ Zi−1(A∗) ͷཁૉͱ͢Δͱ Hi−1(B∗) ʹ͓͍ͯ [pi−1(w)] = 0 Ͱ͋Δ
͔Βɼ͋Δ b ∈ Bi ʹ͍ͭͯ pi−1(w) = @i(b) ͱͳΔɻҰํ
@i(qi(b)) = qi−1(@i(b)) = qi−1(pi−1(w)) = 0
Ͱ͋Δ͔Βɼz = qi(b) ͱ͢Δͱ [w] = i([z]) ͕੒Γཱͭɻ
,
3.9 ϚΠϠʔɾϏʔτϦε׬શܥྻ
K Λ୯ମతෳମɼL, M Λ K = L ∪ M Λຬͨ͢ K ͷ෦෼ෳମͱ͠
iq : Cq(L ∩ M) → Cq(L), jq : Cq(L ∩ M) → Cq(M)
uq : Cq(L) → Cq(K), vq : Cq(M) → Cq(K)
Λแؚࣸ૾ i : L ∩ M → L, j : L ∩ M → M, u : L → K, v : M → K ͔Β༠ಋ͞ΕΔ४ಉܕͱ͢Δͱ*20ɼ
0 − − − − → C∗(L ∩ M)
k∗ − − − − → C∗(L)⊕C∗(M)
w∗ − − − − → C∗(K) − − − − → 0




Ͱ͋Δʢk∗ ͸୯ࣹͰ͋Γɼw∗ ͸શࣹͰ͋Δʣ ɻ
ิ୊ 3.27 ΑΓɼ c′, c′′ Λ z ∈ Zq(K) ʹରͯ͠ z =c′+c′′ Λຬͨ͢ L ͱ M ͷ q ࠯ͱͯ͠ɼ q([z])=[@q(c′)]=
−[@q(c′′)] Λຬͨ͢Α͏ͳ४ಉܕ q : Hq(K) → Hq−1(L ∩ M) ͕ଘࡏ͢Δ*22ɻ͕ͨͬͯ͠ิ୊ 3.29 ΑΓ࣍ͷ
ϗϞϩδʔ܈ͷܥྻ
···
w∗ − − − − → Hq+1(K)
q+1
− − − − → Hq(L ∩ M)
k∗ − − − − → Hq(L)⊕ Hq(M) − − − − →
w∗ − − − − → Hq(K)
q
− − − − → Hq−1(L ∩ M)
k∗ − − − − → ···
͸׬શܥྻͰ͋Δɻ͜ͷ׬શܥྻ͸ɼK ͷ L ͱ M ΁ͷ෼ׂʹؔ͢ΔϚΠϠʔɾϏʔτϦε (Mayer-Vietoris)
׬શܥྻͱݺ͹ΕΔɻ
*20 @kq(c) = (@(c),−@(c)) = kq−1[@(c)] ͳͷͰ kq ͸࠯४ಉܕɼ@wq(c′,c′′) = @(c′)+@(c′′) = wq−1[@(c′),@(c′′)] ͱͳΔͷͰ wq
͸࠯४ಉܕͰ͋Δɻ
*21 C∗(L)⊕C∗(M) = {(c1,c2)| c1 ∈ C∗(L), c2 ∈ C∗(M)} Ͱ͋Δɻ
*22 @q(c′) ∈ Zq−1(L), @q(c′′) ∈ Zq−1(M) ͓Αͼ @q(c′) = −@q(c′′) Ͱ͋Δ͔Β @q(c′) ∈ Zq−1(L ∩ M) Ͱ͋Δɻz = w(c′,c′′)ɼ
kq−1(@qc′) = (@qc′,@qc′′) ͱ͢Δͱ q([z]) = [@q(c′)] ͕ಘΒΕΔɻ3 ϗϞϩδʔ܈ 43
3.10 ྡ઀͢Δ୯ମࣸ૾
ఆٛ 3.8 (ྡ઀͢Δ୯ମࣸ૾). ୯ମతෳମ K ͔Β L ΁ͷ 2 ͭͷ୯ମࣸ૾ s : K → L, t : K → L ͕࣍ͷ৚݅Λ
ຬͨ͢ͱ͖ྡ઀͍ͯ͠Δ (contiguous) ͱݴ͏ɻ
K ͷ೚ҙͷ୯ମ  ͷ֤௖఺ v ʹ͍ͭͯɼs(v) ͱ t(v) ͕  ͷ௖఺ͱͳΔΑ͏ͳ L ͷ୯ମ  ͕ଘࡏ͢Δɻ
ิ୊ 3.30. K, L Λ୯ମతෳମɼs : K → L, t : K → L Λ͋Δ࿈ଓؔ਺ f : |K| → |L| ͷ୯ମۙࣅͰ͋Δͱ͢
Δɻͦͷͱ͖ s ͱ t ͸ྡ઀͍ͯ͠Δɻ
ূ໌. x Λ K ͷ͋Δ୯ମ  ͷ಺෦ͷ఺ͱ͢Δɻͦͷͱ͖ f (x) ͸ L ͷͨͩ 1 ͭͷ୯ମ  ͷ಺෦ʹଐ͓ͯ͠Γɼ
͞Βʹɼs, t ͕ f ͷ୯ମۙࣅͰ͋Δ͔Β s(x) ∈  ͔ͭ t(x) ∈  Ͱ͋Δɻs(x) ͱ t(x) ͸ L ͷ୯ମ s(), t() ͷ
಺෦ʹؚ·Ε͍ͯΔ͔Β s(), t() ͸  ͷ໘ʹͳΔɻ͕ͨͬͯ͠  ͷ֤௖఺ v ʹ͍ͭͯ s(v)ɼt(v) ͸  ͷ௖
఺Ͱ͋Δɻ ,
ิ୊ 3.31. s : K → L, t : K → L Λ K ͔Β L ΁ͷ୯ମࣸ૾ͱ͠ɼs ͱ t ͸ྡ઀͍ͯ͠ΔͱԾఆ͢Δɻͦͷͱ
͖४ಉܕ s∗ : Hq(K) → Hq(L) ͱ t∗ : Hq(K) → Hq(L) ͸ɼ͢΂ͯͷ q ʹ͓͍ͯҰக͢Δɻ
ূ໌. K ͷ௖఺ʹద౰ʹॱ൪Λ͚ͭΔͱ࣍ͷࣜͰද͞ΕΔ४ಉܕ Dq : Cq(K) → Cq+1(L) ͕ఆٛ͞ΕΔɻ
Dq(< v0,v1,:::,vq >) =
q X
j=0
(−1)j < s(v0),:::,s(vj),t(vj),:::,t(vq) >
v0, v1, :::, vq ͸ॱ൪Λ͚ͭͨ K ͷ͋Δ q ࣍ݩ୯ମͷ௖఺Ͱ͋Δ*23ɻ͜ΕΑΓ
@1(D0(< v >)) = @1(< s(v),t(v) >) =< t(v) > − < s(v) >
͕ಘΒΕΔɻ͕ͨͬͯ͠ @1◦ D0 = t0−s0 Ͱ͋Δɻ
·ͨ















(−1)i+j−1 < s(v0),:::, d s(vi),:::,s(vj),t(vj),:::,t(vq) >
*23 s ͕୯ମࣸ૾Ͱ͋Δ͔Β s(v0),:::,s(vj) ͸ 1 ͭͷ୯ମͷ௖఺ͱͳΓɼt(vj),:::,t(vq) ΋ 1 ͭͷ୯ମͷ௖఺ͱͳΔɻ͞Βʹɼs













(−1)i+j < s(v0),:::, [ s(vi)),:::,s(vj),t(vj),:::,t(vq) >













(−1)i+j+1 < s(v0),:::,s(vj),t(vj),:::, d t(vi),:::,t(vq) >
=− Dq−1(@q(< v0,:::,vq >))+ < t(v0),:::,t(vq) > − < s(v0),:::,s(vq) >
ΑΓɼ͢΂ͯͷ q > 0 ʹ͍ͭͯ
@q+1◦ Dq + Dq−1◦@q = tq −sq
ΛಘΔɻ೚ҙͷ K ͷ q ࣍ྠମ z ʹ͍ͭͯ͸ @q(z) = 0 Ͱ͋Δ͔Β tq(z)−sq(z) = @q+1(Dq(z)) ͕ಋ͔ΕΔɻ͜
Ε͸ Bq(L) ͷཁૉͰ͋Δ͔Β s∗([z]) = t∗([z]) ͕ಘΒΕΔɻ͕ͨͬͯ͠ Hq(K) ͔Β Hq(L) ΁ͷ४ಉܕͱͯ͠




୯ମతෳମ K ͷҰ࣍ॏ৺෼ׂ K′ ͷ௖఺͸ K ͷ୯ମ  ͷॏ৺ ˆ  Ͱ͋ͬͨɻ·ͨ K′ ͷ୯ମ͸ i = 0,1,:::,q
ʹ͍ͭͯ i−1 ͕ i ͷਅͷ໘ʹͳ͍ͬͯΔΑ͏ͳ K ͷ୯ମ 0, 1, :::, q ͷॏ৺ ˆ 0, ˆ 1, :::, ˆ q ʹΑͬͯுΒ
ΕΔ*24ɻ
ิ୊ 3.32. K′ Λ୯ମతෳମ K ͷҰ࣍ॏ৺෼ׂͱ͢Δɻͦͷͱ͖ K′ ͷ௖఺͔Β K ͷ௖఺΁ͷؔ਺  :
VertK′ → VertK ͸ɼ࣍ͷ৚͕݅੒Γཱͭͱ͖ɼ·ͨͦͷͱ͖ʹͷΈ |K|ʢK ͷଟ໘ମʣͷ߃౳ࣸ૾ͷ୯ମۙ
ࣅͰ͋Δɻ
 ͸ K ͷ֤୯ମͷॏ৺Λͦͷ୯ମͷ͋Δ௖఺ʹҠ͢ɻ
ূ໌.  ͕ |K| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͰ͋Ε͹ɼ֤୯ମ  ∈ K ʹ͍ͭͯ (ˆ ) ∈  Ͱ͋Γ͕ͨͬͯ͠ (ˆ ) ͸ 
ͷ௖఺Ͱ͋Δɻ
ٯʹ  ͕ K ͷ͋ΒΏΔ୯ମͷॏ৺Λͦͷ୯ମͷ௖఺ʹҠ͢ͱԾఆ͢Δɻ Λ K′ ͷ୯ମͱ͢ΔͱɼK′ ͷఆ
͔ٛΒ  ͷ಺෦͸ K ͷ͋Δ୯ମ  ͷ಺෦ʹؚ·Εɼ·ͨ  ͷ௖఺͸  ͷ͋Δ໘ͷॏ৺Ͱ͋Δɻ͕ͨͬͯ͠ 
͸  ͷ௖఺Λ  ͷ௖఺ʹҠ͞ͳ͚Ε͹ͳΒͣɼ ͸ K′ ͔Β K ΁ͷ୯ମࣸ૾ͱͳΔɻ͞Βʹ  ͷ಺෦͸  ʹ
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ؚ·Ε͓ͯΓɼ ͸  ͷ಺෦Λ  ʹҠ͢ͷͰʢ୯ମ  ͷ௖఺͸ಉҰͷ఺ʹҠ͞ΕΔʣ ɼ͜Ε͸߃౳ࣸ૾ͷ୯ମ
ۙࣅʹͳ͍ͬͯΔɻ ,
ิ୊ 3.32 ΑΓ |K| ͷ߃౳ࣸ૾ʹର͢Δ୯ମۙࣅ  : K′ → K ͕ଘࡏ͢Δ͜ͱ͕Θ͔ͬͨɻͦͷΑ͏ͳ୯ମ
ۙࣅ͸֤  ∈ K ʹରͯ͠  ͷ௖఺ v Λ (ˆ ) = v ͱͳΔΑ͏ʹબͿ͜ͱʹΑͬͯఆٛ͞ΕΔɻ
 : K′ → K ͱ  : K′ → K Λͱ΋ʹ |K| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͰ͋Δͱ͢Δͱิ୊ 3.30 ʹΑΓ͜ΕΒ͸ྡ
઀͓ͯ͠Γɼ ͱ  ʹΑͬͯ༠ಋ͞ΕΔϗϞϩδʔ܈ͷ४ಉܕ ∗ ͱ ∗ ͸Ұக͢Δɻ͕ͨͬͯ͠ |K| ͷ߃౳ࣸ




ఆཧ 3.33. ೚ҙͷ୯ମతෳମ K ʹ͍ͭͯɼࣗવͳ४ಉܕ k : Hq(K′) → Hq(K) ͸ಉܕͰ͋Δɻ
ূ໌. M Λ͋Δ୯ମ  ͱͦͷ͢΂ͯͷ໘͔ΒͳΔ୯ମతෳମͰ͋Δͱ͢ΔͱɼH0(M) ∼ = ZɼH0(M′) ∼ = Zɼ
Hq(M) = Hq(M′) = 0(q > 0) ͕੒Γཱͭʢิ୊ 3.21ʣ ʢ M′ ͸ K′ ʹରԠͨ͠ M ͷॏ৺෼ׂʣ ɻv Λ M ͷ௖఺
ͱ͢Δͱɼ : M′ → M ͕ |M| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͰ͋Ε͹ (v) = v Ͱ͋Δɻ·ͨɼM ͷ୯ମ  ͷॏ৺Λ
˜ v ͱ͢ΔͱɼͦΕ͸ M′ ͷ௖఺Ͱ͋Δ͔Β  ʹΑͬͯ  ͷ௖఺ʹҠ͞ΕΔɻΑͬͯ ∗ : H0(M′) → H0(M) ͸
ಉܕͰ͋Γɼ͕ͨͬͯ͢͠΂ͯͷ q ʹ͍ͭͯ M : Hq(M′) → Hq(M) ͸ಉܕͰ͋Δɻ
ͨͱ͑͹ 1 ࣍ݩ୯ମ  =< v0,v1 > ͷॏ৺Λ ˜ v ͱ͢Δͱ  ͷॏ৺෼ׂ ′ ͷ 0 ࠯͸
c′ = n1v0+n2˜ v+n3v1
ͱද͞Εɼ′ = n1+n2+n3 ͕ఆٛ͞ΕΔɻ(˜ v) = v0 ͱ͢Ε͹ c′ ʹରԠ͢Δ M ͷ 0 ࠯ͱͯ͠
c = (n1+n2)v0+n3v1
͕ಘΒΕΔɼ͜Ε͔Β  = n1+n2+n3 ΛಘΔɻ ͱ ′ ͸ 1 ର 1 ʹରԠ͢ΔͷͰಉܕͰ͋Δɻ
K ͷ୯ମͷ਺ʹؔ͢Δؼೲ๏Λ༻͍ͯҰൠతͳ৔߹ʹ͍ͭͯఆཧΛূ໌͢Δɻఆཧ͕ K ͷʢK ࣗ਎Λআ͘ʣ
෦෼ෳମʢਅͷ෦෼ෳମͱݺͿʣʹ͍ͭͯ੒ΓཱͭͱԾఆ͢Δ*25ɻ
 Λͦͷ࣍ݩ͕ K ͷ࣍ݩͱ౳͍͠ K ͷ୯ମͰ͋Δͱ͢Δɻͦͷͱ͖  ͸ͦΕҎ֎ͷ K ͷ୯ମͷ໘Ͱ͸ͳ
͍ɻ͕ͨͬͯ͠ K \{} ͸ K ͷ෦෼ෳମͰ͋Δɻ·ͨ M Λ  ͱͦͷ͢΂ͯͷ໘͔ΒͳΔ K ͷ෦෼ෳମͱ͢
ΔɻK = M ͷ৔߹ʹఆཧ͕੒Γཱͭ͜ͱ͸্Ͱ͢Ͱʹূ໌͔ͨ͠Β M ͕ K ͷਅͷ෦෼ෳମͷ৔߹ͷΈΛߟ
͑Δɻͦͷͱ͖ L = K \{} ͱ͢Δͱ K = L ∪ M ͱදͤΔɻ
 : K′ → K Λ |K| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͱ͢Δͱɼ ͷ L′, M′, L′ ∩ M′ ΁ͷ੍ݶ |L′, |M′, |L′ ∩ M′
͸ɼͦΕͧΕ |L|, |M|, |L ∩ M| ͷ߃౳ࣸ૾ͷ୯ମۙࣅʹͳ͍ͬͯΔʢL′, M′ ͸ͦΕͧΕ K′ ʹରԠͨ͠ L, M
ͷॏ৺෼ׂͰ͋Δʣ ɻ͕ͨͬͯ࣍͠ͷਤࣜ










0 − − − − → Cq(L ∩ M) − − − − → Cq(L)⊕Cq(M) − − − − → Cq(K) − − − − → 0
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͸Մ׵Ͱ͋Γɼ·֤ͨܥྻ͸׬શܥྻͰ͋Δɻ ͷ L′, M′, L′∩ M′ ΁ͷ੍ݶ |L′, |M′, |L′∩ M′ ͸ͦΕͧ
Ε |L|, |M|, |L ∩ M| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͰ͋Δ͔Βࣗવͳ४ಉܕ L, M, L∩M Λ༠ಋ͢ΔͷͰɼ࣍ͷՄ׵
ͳਤ͕ࣜಘΒΕΔɻ










Hq(L ∩ M) − − − − → Hq(L)⊕ Hq(M) − − − − → Hq(K) − − − − →
q








− − − − → Hq−1(L ∩ M) − − − − → Hq−1(L)⊕ Hq−1(M)
্هͷਤࣜʹ͓͍ͯɼ֤ܥྻ͸׬શܥྻͰ͋Γɼ·ͨ K, K′ ͷ෼ׂ K = L ∪ M, K′ = L′∪ M′ ʹର͢ΔϚΠ
ϠʔɾϏʔτϦε׬શܥྻʹͳ͍ͬͯΔɻҰํɼؼೲ๏ͷԾఆʹΑͬͯ L, M, L∩M ͸ಉܕͰ͋Δ*26ɻͨ͠
͕ͬͯ 5 ߲ิ୊ʢิ୊ 3.25ʣʹΑͬͯ K : Hq(K′) → Hq(K) ͸ಉܕͰ͋Δɻ ,
ಉܕ K : Hq(K′) → Hq(K) Λਖ਼نಉܕ (canonical isomorphism) ͱݺͿɻ͜Ε͸ K′ ͷ q ࣍ݩϗϞϩδʔ܈
͔Β K ͷ q ࣍ݩϗϞϩδʔ܈΁ͷಉܕࣸ૾Ͱ͋Δɻ
֤ j > 0 ʹ͍ͭͯ K ͷ j ࣍ॏ৺෼ׂ K(j) ͷϗϞϩδʔ܈͔Β K ͷϗϞϩδʔ܈΁ͷਖ਼نಉܕ K,j :
Hq(K(j)) → Hq(K) Λɼ|K| ͷ߃౳ࣸ૾ʹର͢Δద౰ͳ୯ମۙࣅʹΑͬͯಋ͔ΕΔҎԼͷΑ͏ͳࣗવͳಉܕͷ
߹੒ʹΑͬͯఆٛ͢Δɻ
Hq(K(j)) − − − − → Hq(K(j−1)) − − − − → ··· − − − − → Hq(K′) − − − − → Hq(K)
i ≤ j Ͱ͋Ε͹ −1
K,i ◦K,j ͸ |K| ͷ߃౳ࣸ૾ͷ୯ମۙࣅͷ߹੒ؔ਺ʹΑͬͯಋ͔ΕΔɻ߃౳ࣸ૾ͷ୯ମۙࣅ
ͷ߹੒ؔ਺͸ͦΕࣗ਎߃౳ࣸ૾ͷ୯ମۙࣅͰ͋Δ͔Βʢ ʰҐ૬਺ֶͷجૅʱܥ 2.10ʣ ɼ࣍ͷ݁Ռ͕ಘΒΕΔɻ
ิ୊ 3.34. K Λ୯ମతෳମɼi, j Λ i ≤ j Λຬͨ͢ਖ਼ͷ੔਺ͱ͢Δͱɼ|K| ͷ߃౳ࣸ૾ʹର͢Δ͋Δ୯ମۙࣅ
 : K(j) → K(i) ʹ͍ͭͯ K,j = K,i ◦∗ ͕੒Γཱͭɻ
3.12 ࿈ଓؔ਺ͱ༠ಋ४ಉܕ
ิ୊ 3.35. ୯ମతෳମ K, L ͷଟ໘ମؒͷ࿈ଓࣸ૾ f : |K| → |L| ʹΑͬͯ࣍ͷ৚݅Λຬͨ͢ϗϞϩδʔ܈ͷ
४ಉܕ f∗ : Hq(K) → Hq(L) ͕༠ಋ͞ΕΔɻ
f ʹର͢Δ͍͔ͳΔ୯ମۙࣅs : K(i) → L ʹ͍ͭͯ΋ f∗ =s∗◦−1
K,i ͕੒Γཱͭɻ͜͜Ͱs∗ : Hq(K(i))→
Hq(L) ͸୯ମࣸ૾ s ʹΑͬͯ༠ಋ͞ΕΔ४ಉܕͰ͋ΓɼK,i : Hq(K(i)) → Hq(K) ͸ਖ਼نಉܕͰ͋Δɻ
ূ໌. ୯ମۙࣅఆཧʢ ʰҐ૬਺ֶͷجૅʱఆཧ 2.11ʣʹΑΓॆ෼େ͖ͳ i ʹ͍ͭͯ K ͷ j ࣍ॏ৺෼ׂ K(i) ্Ͱ




i ≤ j ͱԾఆ͢Δͱɼ ิ୊ 3.34 ʹΑΓ |K| ͷ߃౳ࣸ૾ͷ͋Δ୯ମۙࣅ  : K(j) → K(i) ʹ͍ͭͯ −1
K,iK,j =∗
͕੒Γཱͭɻ͞Βʹ  : K(j) → K(i) ͸ |K| ͷ߃౳ࣸ૾ͷɼs : K(i) → L ͸ f ͷͦΕͧΕ୯ମۙࣅͰ͋Δ͔Β
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s◦ : K(j) → L ͸ f : |K| → |L| ͷ୯ମۙࣅͰ͋Δʢ ʰҐ૬਺ֶͷجૅʱܥ 2.10ʣ ɼͦ͏͢Δͱ s◦ ͱ t ͱ͸
ಉؔ͡਺ͷ୯ମۙࣅͱ͍͏͜ͱʹͳΔ͔Βɼิ୊ 3.10 ʹΑΓ K(j) ͔Β L ΁ͷޓ͍ʹྡ઀ͨ͠୯ମࣸ૾Ͱ͋





ิ୊ 3.36. K, L, M Λ୯ମతෳମɼ f : |K| → |L|, g : |L| → |M| Λ࿈ଓؔ਺ͱ͢Δͱɼ f , g, g◦ f ʹΑͬͯ
༠ಋ͞ΕΔϗϞϩδʔ܈ͷ४ಉܕ f∗, g∗, (g◦ f )∗ ʹ͍ͭͯ (g◦ f )∗ = g∗◦ f∗ ͕੒Γཱͭɻ
ূ໌. t : L(m) → M Λ g ͷ୯ମۙࣅɼs : K(j) → L(m) Λ f ͷ୯ମۙࣅͱ͢Δͱɼ|L| ͷ߃౳ࣸ૾ʹର͢Δ
୯ମۙࣅʹΑͬͯ Hq(L(m)) ͔Β Hq(L) ΁ͷਖ਼نಉܕ L,m ͕ಋ͔ΕΔɻ͕ͨͬͯ͠ L,m ◦s∗ ͕ f ʹର͢Δ
͋Δ୯ମۙࣅʹΑͬͯ༠ಋ͞ΕΔʢ ʰҐ૬਺ֶͷجૅʱܥ 2.10ʣ ɻΑͬͯ f∗ = L,m ◦s∗ ◦−1
K,j Ͱ͋Δɻ·ͨ
g∗ = t∗◦−1
L,m Ͱ͋Δɻ͜ΕΒ͔Β g∗◦ f∗ = t∗◦s∗◦−1
K,j ͕ಘΒΕΔɻҰํ t ◦s : K(j) → M ͸ g◦ f ͷ୯ମۙ
ࣅͰ͋Δ͔Β (g◦ f )∗ = g∗◦ f∗ ΛಘΔɻ ,
ܥ 3.37. ୯ମతෳମ K, L ͷଟ໘ମ |K|, |L| ͕ಉ૬Ͱ͋Ε͹ K ͱ L ͷϗϞϩδʔ܈͸ಉܕͰ͋Δɻ
ূ໌. h : |K|→|L| Λಉ૬ࣸ૾ͱ͢Δͱɼ h∗ : Hq(K)→ Hq(L) ͸ಉܕͰ͋Γɼ ͦͷٯࣸ૾͸ (h−1
∗ ): Hq(L)→
Hq(K) Ͱ͋Δɻ ,
༠ಋ४ಉܕΛ༻͍Δ͜ͱʹΑͬͯ Brouwer ͷෆಈ఺ఆཧʢ ʰҐ૬਺ֶͷجૅʱఆཧ 2.14ʣΛ Sperner ͷิ୊
Λ࢖Θͣʹূ໌͢Δ͜ͱ͕Ͱ͖Δɻϒϥ΢ϫʔͷෆಈ఺ఆཧ͸ɼ ʮn ࣍ݩ୯ମ 1n ͔Βͦͷڥք @1n ΁ͷ࿈ଓ
ͳؔ਺ r : 1n → @1n Ͱɼ͢΂ͯͷ x ∈ @1n ʹ͍ͭͯ r(x) = x Λຬͨ͢΋ͷ͸ͳ͍ʯͱ͍͏ࣄ࣮ʢ ʰҐ૬਺
ֶͷجૅʱิ୊ 2.13ʣ͔Βಋ͔ΕΔ͕ɼ͜Ε͸ҎԼͷΑ͏ʹͯࣔ͠͞ΕΔɻͦͷΑ͏ͳ࿈ଓؔ਺͸͢΂ͯͷ
q > 0 ʹରͯ͠ϗϞϩδʔ܈ͷ४ಉܕ r∗ : Hq(1n) → Hq(@1n) Λಋ͖ɼi∗ : Hq(@1n) → Hq(1n) Λแؚࣸ૾
i : @1n → 1n ʹΑͬͯ༠ಋ͞ΕΔ४ಉܕͱ͢Δͱɼr∗ ◦i∗ ͸͢΂ͯͷ q ʹ͍ͭͯϗϞϩδʔ܈ Hq(@1) ͷ
߃౳ࣸ૾ͱͳΔɻ͜Ε͸͢΂ͯͷ q ʹ͍ͭͯ r∗ : Hq(1) → Hq(@1) ͕શࣹͰ͋Δ͜ͱΛҙຯ͢Δɻ͔͠͠ɼ
n = 2 ʹ͍ͭͯ Hn−1(1n) = 0, Hn−1(@1n) ∼ = Z Ͱ͋Δ͔ΒͦΕ͸ෆՄೳͰ͋Δ*27ɻ͕ͨͬͯ͠ @1 ͷ͢΂ͯ
ͷ఺Λಈ͔͞ͳ͍Α͏ͳ࿈ଓؔ਺ r : 1n → @1n ͸ଘࡏͤͣϒϥ΢ϫʔͷෆಈ఺ఆཧ͕ಘΒΕΔɻ͜ͷఆཧ




ิ୊ 3.38. ͲͷΑ͏ͳ୯ମతෳମ L ʹ͍ͭͯ΋ɼ࣍ͷ৚݅Λຬͨ͋͢Δ " > 0 ͕͋Δɻ
͋Δ୯ମతෳମ K ͷଟ໘ମ্Ͱఆٛ͞Εͨ࿈ଓؔ਺ f : |K| → |L| ͱ g : |K| → |L| ʹ͍ͭͯɼ͢΂ͯ
ͷ x ∈ |K| ʹ͓͍ͯ f (x) ͱ g(x) ͱͷڑ཭͕ " Ҏ಺Ͱ͋Ε͹ɼॆ෼େ͖ͳ j ʹ͍ͭͯ K(j) Ͱఆٛ͞Ε
Δ୯ମࣸ૾Ͱ f , g ྆ํͷ୯ମۙࣅͱͳΔ΋ͷ͕ଘࡏ͢Δɻ
ূ໌. Lebesgue ͷิ୊ʢ ʰҐ૬਺ֶͷجૅʱิ୊ 1.48ʣΛద༻͢Δͱɼ೚ҙͷ |L| ͷ఺ʹ͍ͭͯ൒ܘ 2" ͷ։
ٿ͕ L ͷ͋Δ఺ b ͷ੕ঢ়ମ stL(b) ʹؚ·ΕΔΑ͏ͳ " > 0 ͕ଘࡏ͢Δ*28ɻ f : |K| → |L|, g : |K| → |L| Λ
*27 n = 1 ͷͱ͖ʹ͸ Hn−1(1n) ∼ = Z, Hn−1(@1n) ∼ = Z⊕Z Ͱ͋Δɻ
*28 L ͷ͢΂ͯͷ఺ b ͷ੕ঢ়ମ stL(b) ͷ࿨ू߹͸ L ͷ։ඃ෴Λߏ੒͢Δɻ3 ϗϞϩδʔ܈ 48
࿈ଓؔ਺ͱ͠ɼ͢΂ͯͷ x ∈ |K| ʹ͍ͭͯ f (x) ͕ g(x) ͔Β " Ҏ಺ͷڑ཭ʹ͋Δ΋ͷͱԾఆ͢Δɻ࠶ͼʢ൒
ܘ " ͷ։ٿͷݪ૾ʹΑΔ |K| ͷ։ඃ෴ʹؔ͢ΔʣLebesgue ͷิ୊ʹΑͬͯɼ௚ܘ͕  ΑΓখ͍͞ |K| ͷ෦
෼ू߹ S ͕ f ʹΑͬͯ |L| ͷ͋Δ఺ͷ൒ܘ " ͷ։ٿʹҠ͞Εɼg ʹΑͬͯͦͷ఺ͷ൒ܘ 2" ͷ։ٿʹҠ͞
ΕΔΑ͏ͳ  > 0 ͕ଘࡏ͢Δɻͦͷͱ͖ L ͷ͋Δ఺ b ʹ ͍ͭͯ f (S) ⊂ stL(b)ɼg(S) ⊂ stL(b) Ͱ͋Δɻi Λ
(K(i)) < 1
2 ͱͳΔΑ͏ʹબͿͱɼ୯ମۙࣅఆཧʢ ʰҐ૬਺ֶͷجૅʱఆཧ 2.11ʣͷূ໌͔ΒɼK(i) ͷ֤௖
఺ a ʹ͍ͭͯ stK(i)(a) ͷ௚ܘ͸  ΑΓখ͘͞ɼ·ͨ L ͷ͋Δ௖఺ s(a) ʹ͍ͭͯ f (stK(i)(s(a))) ⊂ stL(s(a)),
g(stK(i)(s(a))) ⊂ stL(s(a)) ͕੒Γཱͭɻ͕ͨͬͯ͠ɼ ʰҐ૬਺ֶͷجૅʱิ୊ 2.9 ʹΑΓɼ͜ͷΑ͏ʹͯ͠࡞Β
Εͨؔ਺ s : VertK(i) → VertL ͸ f , g ͷ୯ମۙࣅͰ͋Δɻ ,
ఆཧ 3.39. K, L Λ୯ମతෳମͱ͠ɼ f : |K| → |L|, g : |K| → |L| Λ |K| ͔Β |L| ΁ͷ࿈ଓؔ਺ͱ͢Δɻ f ͱ
g ͕ϗϞτϐοΫͰ͋Ε͹ɼ͢΂ͯͷ q ʹ͍ͭͯ Hq(K) ͔Β Hq(L) ΁ͷ༠ಋ४ಉܕ f∗ ͱ g∗ ͸౳͍͠ɻ
ূ໌. F : |K|×[0,1] → |L| Λ F(x,0) = f (x), F(x,1) = g(x) Λຬͨ͢ϗϞτϐʔɼ" > 0 ͱ͢ΔɻίϯύΫ
τͳڑ཭ۭؒʹ͓͚Δ࿈ଓؔ਺͸Ұ༷࿈ଓͰ͋Δ͔Βɼ|s −t| <  ͳΒ͹ F(x,s) ͱ F(x,t) ͱͷڑ཭͕ " Α
Γখ͘͞ͳΔΑ͏ͳ  ͕ଘࡏ͢Δɻi = 0,1,2,:::,r ʹ͍ͭͯ t0, t1, :::, tr Λ 0 = t0 < t1 < ··· < tr = 1 ͓Αͼ
ti −ti−1 <  ͕੒ΓཱͭΑ͏ʹબͼɼ fi(x) = F(x,ti) ͱ͓͘ͱɼ͢΂ͯͷ x ∈ |K| ʹ͍ͭͯ fi−1(x) ͱ fi(x) ͱ
ͷڑ཭͸ " Ҏ಺Ͱ͋Δɻิ୊ 3.38 ΑΓɼ" Λॆ෼খ͘͞ͱΕ͹ fi−1 ͱ fi ͸ڞ௨ͷ୯ମۙࣅΛ࣋ͭͷͰɼͦΕ
ΒʹΑͬͯ༠ಋ͞ΕΔϗϞϩδʔ܈ͷ४ಉܕ͸ಉҰͰ͋Δɻ͕ͨͬͯ͠ f ͱ g ͱ͸ಉ͡ϗϞϩδʔ܈ͷ४ಉ
ܕΛ༠ಋ͢Δɻ ,
3.13 ϗϞϩδʔ܈ͷϗϞτϐʔܕෆมੑ
ఆٛ 3.9 (ϗϞτϐʔಉ஋). X, Y ΛҐ૬ۭؒͱ͢Δɻ࿈ଓࣸ૾ f : X → Y ʹରͯ͠࿈ଓࣸ૾ g : Y → X ͕
͋ͬͯ߹੒ࣸ૾ g◦ f ͕ X ͷ߃౳ࣸ૾ʹϗϞτϐοΫͰ͋Γɼ͔ͭ f ◦g ͕ Y ͷ߃౳ࣸ૾ʹϗϞτϐοΫͰ͋
Δͱ͖ f ͸ʢg ΋ʣϗϞτϐʔಉ஋ࣸ૾Ͱ͋Δͱݴ͏ɻ·ͨɼͦͷͱ͖ X ͱ Y ͸ϗϞτϐʔಉ஋ (homotopy
equivalent) Ͱ͋Δʢ͋Δ͍͸ϗϞτϐʔܕ͕౳͍͠ʣͱݴ͏ɻ
ิ୊ 3.40. ϗϞτϐʔಉ஋ࣸ૾ͷ߹੒ࣸ૾΋ϗϞτϐʔಉ஋ࣸ૾Ͱ͋Δɻ
ূ໌. X, Y, Z ΛҐ૬ۭؒͱ͠ɼ f : X → Y, h : Y → Z ΛϗϞτϐʔಉ஋ࣸ૾Ͱ͋Δͱ͢ΔͱɼidX, idYɼ
idZ Λ X, Y, Z ͷ߃౳ࣸ૾ͱͯ͠ g◦ f ≅ idX, f ◦g ≅ idY, k ◦h ≅ idY, h ◦k ≅ idZ Λຬͨ͢Α͏ͳ࿈ଓࣸ૾
g : Y → X, k : Z → Y ͕ଘࡏ͢Δɻͦͷͱ͖
(g◦k)◦(h◦ f ) = g◦(k◦h)◦ f ≅ g◦idY ◦ f = g◦ f ≅ idX
Ͱ͋Γ
(h◦ f )◦(g◦k) = h◦( f ◦g)◦k ≅ h◦idY ◦k = h◦k ≅ idZ
ͱͳΔ͔Β h◦ f : X → Z ͸ X ͔Β Z ΁ͷϗϞτϐʔಉ஋ࣸ૾Ͱ͋Δɻ ,
ิ୊ 3.41. f : |K| → |L| Λ୯ମతෳମ K ͷଟ໘ମ |K| ͔Β୯ମతෳମ L ͷଟ໘ମ |L| ΁ͷϗϞτϐʔಉ஋
ࣸ૾ͱ͢Δɻͦͷͱ͖͢΂ͯͷෛͰͳ͍੔਺ q ʹ͍ͭͯ f ʹΑΔϗϞϩδʔ܈ͷ༠ಋ४ಉܕ f∗ : Hq(K) →
Hq(L) ͸ಉܕͰ͋Δɻ
ূ໌. ԾఆΑΓ g◦ f ͕ |K| ͷ߃౳ࣸ૾ʹϗϞτϐοΫͰɼ f ◦g ͕ |L| ͷ߃౳ࣸ૾ʹϗϞτϐοΫͰ͋ΔΑ͏
ͳ࿈ଓࣸ૾ g : |L| → |K| ͕ଘࡏ͢Δɻ͕ͨͬͯ͠༠ಋ४ಉܕ (g◦ f )∗ : Hq(K) → Hq(K), ( f ◦g)∗ : Hq(L) →3 ϗϞϩδʔ܈ 49
Hq(L) ͸֤ q ʹ͍ͭͯ Hq(K) ͓Αͼ Hq(L) ͷ߃౳ࣸ૾Ͱ͋Δʢ͕ͨͬͯ͠ಉܕʣ ɻҰํ (g◦ f )∗ = g∗ ◦ f∗,
( f ◦g)∗ = f∗ ◦g∗ Ͱ͋Δ͔Β f∗ : Hq(K) → Hq(L) ͸ಉܕͰ͋Γɼg∗ : Hq(L) → Hq(K) ͸ͦͷٯࣸ૾ͱͳ
Δɻ ,
ఆٛ 3.10. Ґ૬ۭؒ X ͷ෦෼ू߹ A ͸࣍ͷ৚݅Λຬͨ͢ͱ͖มܗϨτϥΫτ (deformation retract) Ͱ͋Δͱ
ݴ͏ɻ
͢΂ͯͷ x ∈ X ʹ͍ͭͯ H(x,0) = x, H(x,1) ∈ A Λຬͨ͠ɼ͢΂ͯͷ a ∈ A ʹ͍ͭͯ H(a,1) = a Λ
ຬͨ͢Α͏ͳ࿈ଓؔ਺ H : X ×[0,1] → X ͕ଘࡏ͢Δɻ
ྫ 3.7. n ࣍ݩϢʔΫϦουۭؒ Rn ʹ͓͚Δ n−1 ࣍ݩٿ໘ Sn−1ʢn ࣍ݩٿ Dn ͷද໘ʣ͸ Rn \{0}ʢRn ͔Β
ݪ఺͚ͩΛऔΓআ͍ͨ΋ͷʣͷมܗϨτϥΫτͰ͋Δɻ
͢΂ͯͷ x ∈ Rn \{0} ͱ t ∈ [0,1] ʹ͍ͭͯ
H(x,t) = (1−t +t=|x|)x




ఆٛ 3.11 (݁). X Λ Rn ͷਤܗɼa Λ Rn ͷ఺ͱ͢ΔɻX ͷ೚ҙͷ఺ x ʹରͯ͠ a ͱ x Λ݁Ϳઢ෼Λ ax ͱද
͢ͱɼͭͶʹ ax∩ X = x Ͱ͋Δͱ͖ɼ͢΂ͯͷ x ʹ͍ͭͯ ax Λߟ͑ɼͦͷ্ʹ͋Δ఺શମͷू߹Λ a∗ X ͱ
දͯ͠ a ͱ X ͷ݁ (join) ͱݴ͏ɻ͢ͳΘͪ
a∗ X = {y : y ∈ ax, x ∈ X}
Ͱ͋Δɻ
ͨͱ͑͹ v0, v1, :::, vq−1 ͕ߏ੒͢Δ୯ମ < v0,v1,:::,vq−1 > ͷଟ໘ମʹରͯ͠ a∗| < v0,v1,:::,vq−1 > | =
| < a,v0,:::,vq−1 > | Ͱ͋ΔɻΑΓ؆୯ͳྫͱͯ͠ɼ2 ఺Λ݁Ϳઢ෼ || ʹରͯͦ͠ͷઢ෼ʢͱͦͷԆ௕ʣʹؚ
·Εͳ͍఺ a ΛͱΔͱ a∗|| ͸ࡾ֯ܗͱͳΔɻ·ͨࡾ֯ܗΛ || ͱ͠ɼͦͷࡾ֯ܗͱಉҰͷฏ໘ʹؚ·Εͳ
͍఺ a ΛͱΔͱ a∗|| ͸࢛໘ମͰ͋Δɻ
Rn ͷ୯ମతෳମ K ͱ I = [0,1] ⊂ R ͷੵۭؒ K × I Λߟ͑ɼ͜Ε΋୯ମతෳମͱͳΔ͜ͱΛࣔͦ͏ɻK ͷ
୯ମ  =< v0,v1,:::,vr > ʹ͍ͭͯ  × I ʹ͓͚Δ఺ (vi,0), (vi,1) Λ vi, ¯ vi Ͱද͢ͱ r +2 ݸͷ఺
v0, v1,:::, vj−1, vj, ¯ vj, ¯ vj+1, :::, ¯ vr
͸زԿֶతʹಠཱͰ͋Δɻ͜Ε͸࣍ͷΑ͏ʹͯ֬͠ೝͰ͖Δɻ
1(v1−v0)+···+j(vj −v0)+j(¯ vj −v0)+···+r(¯ vr −v0) = 0
ͱ͓͘ͱɼ΋ͱ΋ͱͷ֤఺ͷ࠲ඪͱ 0, 1 ͷ෦෼ʹ෼͚ͯ
1(v1−v0)+···+j−1(vj−1−v0)+(j +j)(vj −v0)
+j+1(vj+1−v0)+···+r(vr −v0) = 03 ϗϞϩδʔ܈ 50
͓Αͼ
j +···+r = 0
͕ಘΒΕΔɻv0, :::, vr ͕زԿֶతʹಠཱͰ͋Δ͜ͱΑΓɼ1, :::, j−1, j+1, :::, r ͸͢΂ͯ 0 Ͱ͋
Γɼj +j = 0 Ͱ͋Δ͔Β j = 0 ͳΒ͹ j = 0 ͕ಘΒΕΔɻ
͕ͨͬͯ͠ r +1 ࣍ݩͷ୯ମ < v0, :::, vj−1, vj, ¯ vj, :::, ¯ vr > ͕ఆ·Δɻ͜ͷΑ͏ʹͯ͠ಘΒΕΔ r +1 ݸͷ
୯ମ
< v0, :::, vj−1, vj, ¯ vj, :::, ¯ vr > (0 ≤ j ≤ r)
͓ΑͼͦΕΒͷ໘શମΛ K( × I) Ͱද͢ɻ
ิ୊ 3.42. K( × I) ͸୯ମతෳମͰɼͦͷଟ໘ମ |K( × I)| ͸  × I ʹ౳͍͠ɻ
ূ໌.  ͷ࣍ݩʹؔ͢Δؼೲ๏Ͱূ໌͢Δɻr = 0 ͷ৔߹ < v0 > ×I ͸ઢ෼ʹͳΔ͔ΒͦΕࣗମ୯ମͰ͋Γɼ
r = 1 ͷ৔߹ʹ͸ < v0,v1 > ×I ͸௕ํܗʹͳΔͷͰ 2 ͭͷࡾ֯ܗʹ෼ׂͰ͖Δ͔Βิ୊ͷ݁࿦͕੒Γཱͭɻ
r −1 ࣍ݩͷ৔߹ʹ΋݁࿦͕੒ΓཱͭͱԾఆ͠ r ࣍ݩͷ৔߹Λࣔ͢ɻ୯ମతෳମͷ৚݅͸
(1).  ͕ K ʹଐ͢Δ୯ମͰ͋ΔͳΒ͹ɼ ͷ͢΂ͯͷ໘΋ K ʹଐ͍ͯ͠Δɻ
(2). 1ɼ2 Λ K ʹଐ͢Δ୯ମͱ͢Δͱɼ1∩2ʢ1 ͱ 2 ͷڞ௨෦෼ʣ͸ۭू߹Ͱ͋Δʢ1 ͱ 2 ʹ͸ڞ
௨෦෼͕ͳ͍ʣ͔ɼ͋Δ͍͸ 1∩2 ͸ 1 ͱ 2 ྆ํͷ໘ʹͳ͍ͬͯΔɻ
Ͱ͋ͬͨɻ(1) ͸໌Β͔ʹ੒Γཱ͔ͭΒ (2) Λࣔͤ͹Α͍ɻ′ =< v0,v1,:::,vr−1 >, ′′ =< v0,v1,:::,vr > ͱ
ͯ͠
L = K(′× I)∪ K(′′)
ͱ͢Δɻؼೲ๏ͷԾఆʹΑΓ K(′× I) ͸୯ମతෳମͰ͋Γ, K(′′) ͸ͦΕࣗ਎୯ମͰ͋Δɻ·ͨ
¯ vr ∗|L| =  × I







K( × I) ͷ 2 ͭͷ୯ମ , ′ ʹ͍ͭͯͦΕΒͷڞ௨෦෼Λߟ͑Δɻ ∩′ ̸= ∅ ͱ͢Δͱɼ, ′ ͷ͍ͣΕ͔͕
L ͷ୯ମͰ͋Ε͹ʢL ͸୯ମతෳମͰ͋Δ͔Βʣ ∩′ ΋ L ͷ୯ମͰ͋Γɼ͕ͨͬͯ͠ K( × I) ͷ୯ମͰ͋
Δɻ, ′ ͷ͍ͣΕ΋͕ L ʹଐ͞ͳ͍ͱ͖͸ɼ ×L ͕ ¯ vr ͱ |L| ͱͷ݁Ͱ͋Δ͜ͱΑΓ , ′ ͸ ¯ vr Λͦͷ௖఺
ʹ࣋ͭ୯ମͰ͋Γɼ 0, ′
0 Λ L ͷ୯ମͱͯ͠  = ¯ vr ∗0,  = ¯ vr ∗′
0 ͱॻ͚Δɻ͕ͨͬͯ͠  ∩′ = ¯ vr ∗(0∩′
0)
Ͱ͋Δ͔Β  ∩′ ͸ , ′ ͷ໘ͱͳΔɻҎ্ʹΑͬͯ୯ମతෳମͷ৚݅ͷ (2) ͕ࣔ͞Εͨɻ3 ϗϞϩδʔ܈ 51
K( × I)−L ʹଐ͢Δ୯ମ͸ ¯ vr Λ௖఺ͱͯ࣋ͭ͠ͷͰ
|K( × I)| = ¯ vr ×|L|
ΑΓ
|K( × I)| =  × I
͕ಘΒΕΔɻ ,
୯ମతෳମ K ͷ͢΂ͯͷ௖఺ʹॱংΛ͚ͭɼͦΕΛ < Ͱද͢ɻK ͷ͋Δ୯ମ  Λ௖఺Λฒ΂ͯද͢ͱ͖
 =< v0,v1,:::,vr > (v0 < v1 < ··· < vr)
ͷΑ͏ʹ༩͑ΒΕͨॱংʹैͬͯฒ΂Δ͜ͱʹ͢Δɻ͜ͷΑ͏ʹ֤ͯ͠୯ମ  ∈ K ʹରͯ͠ K( × I) Λߟ͑
Δɻ͜ͷͱ͖୯ମ ′ ͕  ͷ໘Ͱ͋ΔͳΒ͹ɼK(′× I) ͸ K( × I) ͷ෦෼ෳମͰ͋Δɻ
K × I = ∪∈K K( × I)
ͱͯ࣍͠ͷ݁ՌΛಘΔɻ
ิ୊ 3.43. K × I ͸୯ମతෳମͰ |K × I| = |K|× I Ͱ͋Δɻ
ূ໌. K × I ͕୯ମతෳମͷ৚݅ (2) Λຬͨ͢͜ͱΛࣔ͢ɻ, ′ Λ K × I ͷ୯ମͱͯ͠  ∈ K( × I),
′ ∈ K(′ × I) ͱ͢Δɻ ∩′ = ∅ ͳΒ͹  ∩′ = ∅ Ͱ͋Δɻٯʹ  ∩′ ̸= ∅ ͳΒ͹  ∩′ ̸= ∅ Ͱ͋Γɼ
 ∩′ ∈ K(( ∩′)× I) Ͱ͋ΔɻK(( ∩′× I)) ͸ K( × I) ͱ K(′× I) ͷ෦෼ෳମͰ͋Δ͔Β  ∩′ ͸ 
͓Αͼ ′ ͷ໘Ͱ͋Δɻ ,
͜ͷΑ͏ʹͯ͠ఆٛ͞Εͨ K × I ʹରͯ͠ |K|×1 ্ʹ͋Δ୯ମͷશମΛ ¯ Kɼ|K|×0 ্ʹ͋Δ୯ମͷશମ
Λ K ͱ͢Δͱʢ͢΂ͯͷ i ʹ͍ͭͯʣ¯ vi ͱ vi ΛಉҰࢹ͠ɼ·ͨ vi ͱ vi ΛಉҰࢹ͢Δ͜ͱʹΑͬͯ ¯ K ͱ K
͕ಉҰࢹ͞Εɼ·ͨ K ͱ K ͕ಉҰࢹ͞ΕΔɻ
3.15 Ґ૬ۭؒͷϗϞϩδʔ܈
Ґ૬ۭؒ X ͱϢʔΫϦουۭؒʹ͓͚Δ୯ମతෳମ K ͷଟ໘ମ |K| ͱͷؒʹಉ૬ࣸ૾ h : |K| −→ X ͕͋




ྫ 3.8 (ٿͱٿ໘ͷϗϞϩδʔ܈). n ࣍ݩͷٿ Dn ͸ n ࣍ݩ୯ମ 1n ͱͦͷ͢΂ͯͷ໘͔ΒͳΔ୯ମతෳମ
K(1n) ͷଟ໘ମͱಉ૬Ͱ͋Δ͔ΒɼK(1n) ʹΑͬͯࡾ֯ܗ෼ׂ͞ΕΔɻ͕ͨͬͯ͠ Dn ͷϗϞϩδʔ܈͸
K(1n)ʢ͜Ε͸࿈݁ͳ୯ମతෳମͰ͋ΔʣͷϗϞϩδʔ܈ͱಉܕͰ͋Γ
H0(Dn) ∼ = Z
͓Αͼ
Hq(Dn) = 0 (q > 0)
͕ಘΒΕΔɻ3 ϗϞϩδʔ܈ 52
n−1 ࣍ݩͷٿ໘ Sn−1 ͸ K(1n) ͔Β 1 ࣗ਎ΛऔΓআ͍ͨ୯ମతෳମ K(@1n) ͷଟ໘ମͱಉ૬Ͱ͋Δ͔Βɼ
ͦͷϗϞϩδʔ܈͸ K(@1n) ͷϗϞϩδʔ܈ͱಉܕͰ͋Δɻ͕ͨͬͯ͠
H0(Sn−1) ∼ = Z
Hn−1(Sn−1) ∼ = Z
͓Αͼ
Hq(Sn−1) = 0 (q > 0, q ̸= n−1)
ΛಘΔɻ
۠ؒ I ͷ n ݸͷੵۭؒ I ×···× I ͸ n ࣍ݩͷཱํମͰ͋Γɼn ࣍ݩٿ Dn ͱಉ૬Ͱ͋Δ*29ɻ͕ͨͬͯ͠ n
࣍ݩٿ໘ Sn ͱ In ͱͷੵۭؒ Sn × In ͸ n ࣍ݩٿ໘ Sn ͱ n ࣍ݩٿ Dn ͷੵۭؒ Sn × Dn ͱಉ૬Ͱ͋ΔɻSn
͸ n +1 ࣍ݩ୯ମ 1n+1 ͷڥք (@1n+1) ͱಉ૬Ͱ͋Δ͔Βࡾ֯ܗ෼ׂՄೳͰ͋ͬͨɻ·ͨิ୊ 3.43 ʹΑΓ
@1n+1× I ͸୯ମతෳମͰ͋Δ͔ΒɼͦΕͱಉ૬ͳ Sn × I ͸ࡾ֯ܗ෼ׂՄೳͰ͋Δɻ͞Βʹ Sn × I ͱಉ૬ͳ
୯ମతෳମΛ K ͱ͢Δͱ K × I ͸୯ମతෳମͰ͋Δ͔Β Sn × I × I = Sn × I2 ͸ࡾ֯ܗ෼ׂՄೳͰ͋Γɼؼ
ೲతʹ Sn × Im ͕ࡾ֯ܗ෼ׂՄೳͱͳΓɼͦΕͱಉ૬ͳ Sn × Dm ΋ࡾ֯ܗ෼ׂՄೳͱͳΔ (m = 2)ɻҎ্ͷٞ
࿦Λ΋ͱʹ Sn ×Sm ͷࡾ֯ܗ෼ׂΛߟ͑Δɻ
K Λ Sn ×Sm ͱಉ૬ͳ୯ମతෳମͱ͢Δɻm ࣍ݩٿ໘ Sm Λɼͦͷத৺Λ௨Δ௒ฏ໘ʹΑ্ͬͯԼ 2 ͭʹ෼
͚ΔͱͦΕͧΕ͸ m ࣍ݩٿ Dm ͱಉ૬ͱͳΓ*30ɼ֤ʑΛ Dm
+, Dm




+, Sn × Dm
− ͸ࡾ֯ܗ෼ׂՄೳͰ͋Δ͔Β Sn ×Sm ͸ࡾ֯ܗ෼ׂՄೳͰ͋Δɻ͞Βʹ͜Ε͔Β
Sn ×Sn × Dm ͕ࡾ֯ܗ෼ׂՄೳͱͳΓɼͦΕʹΑͬͯ Sn ×Sn ×Sm ͕ࡾ֯ܗ෼ׂՄೳͰ͋Δ͜ͱ͕ಋ͔Εɼ
ؼೲతʹ q −1(q = 2) ݸͷ n ࣍ݩٿ໘ͷੵۭؒͱ Sm ͱͷੵۭؒ Sn ×···×Sn ×Sm ΋ࡾ֯ܗ෼ׂՄೳͰ͋Δɻ
ҎԼͰ͸ Sn ×···×Snʢq ݸʣΛ (Sn)q ͱॻ͖, ·ͨ Z⊕Z⊕···⊕Zʢq ݸʣΛ Zq ͱॻ͘͜ͱʹ͢Δɻ
Ҏ্Λ΋ͱʹ·ͣ࣍ͷ݁ՌΛࣔ͢ɻ
ఆཧ 3.44. n = 1, m = 1, m ≤ n, r ≤ n ͱͯ͠ɼm ̸= n(m < n) ͳΒ͹
Hr(Sn ×Sm) ∼ = Z ʢr = 0,m,n ͷͱ͖ʣ
Hr(Sn ×Sm) = 0 ʢr ̸= 0,m,n ͷͱ͖ʣ
·ͨɼm = n ͷͱ͖
Hr(Sn ×Sn) ∼ = Z ʢr = 0 ͷͱ͖ʣ
Hr(Sn ×Sn) ∼ = Z⊕Z ʢr = n ͷͱ͖ʣ
Hr(Sn ×Sn) = 0 ʢr ̸= 0,n ͷͱ͖ʣ
ূ໌. ؼೲ๏Ͱূ໌͢ΔɻॳΊʹ Hr(Sn ×S1) Λܭࢉ͢ΔɻS1 = D1
+∪ D1
− ͔ͩΒ*31ɼSn ×S1 = (Sn × D1
+)∪
(Sn × D1
−) Ͱ͋Δɻ͜ΕΒ͸ͦΕͧΕ Sn × I ͱಉ૬ʢI ͸ 1 ࣍ݩͷ୯Ґ۠ؒ [0,1] Ͱ͋ΔʣͰ͋ͬͯࡾ֯ܗ෼
*29 ٿΛద౰ʹ֦େ͠ɼཱํମΛద౰ʹॖখͯ͠ٿͷத৺ͱཱํମͷத৺͕Ұகཱ͠ํମ͕ٿͷதʹೖΔΑ͏ʹͯ͠த৺͔Β௚
ઢΛҾ͚͹ɼٿͱཱํମͱͷಉ૬ࣸ૾͕ಘΒΕΔɻ
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ׂՄೳͰ͋Δɻ|(Sn × D1
+)∩(Sn × D1
−)| = Sn × S0 = (Sn ×{−1})∪(Sn ×{1}) ͱͳΔ͕ɼSn ×{−1}, Sn ×{1}
͸ͦΕͧΕ࿈݁ͳۭؒͷੵۭؒͱͯͦ͠Εࣗ਎࿈݁Ͱ͋Γʢఆཧ 3.15ʣ ɼ·ͨ͜ͷ 2 ͭͷۭؒͷؒʹڞ௨෦෼
͸ͳ͍ͷͰิ୊ 3.17 ΑΓɼ͢΂ͯͷ r ʹ͍ͭͯ
Hr(Sn ×S0) = Hr(Sn ×{−1})⊕ Hr(Sn ×{1})
Ͱ͋Δɻ͜͜Ͱ࣍ͷϚΠϠʔɾϏʔτϦε׬શܥྻΛߟ͑Δɻ
···
r+1 − − − − → Hr(Sn ×{−1})⊕ Hr(Sn ×{1}) − − − − →
k∗ − − − − → Hr(Sn × D1
+)⊕ Hr(Sn × D1
−)
w∗ − − − − → Hr(Sn ×S1) − − − − →
r − − − − → Hr−1(Sn ×{−1})⊕ Hr−1(Sn ×{1})
k∗ − − − − → ···
Sn ×{−1}, Sn ×{1} ͸ Sn ͱಉ૬Ͱ͋ΓɼSn ×D1
+, Sn ×D1
− ͸ Sn ʹϗϞτϐοΫͰ͋Δ͔Β Hn(Sn ×{−1}) ∼ =
Hn(Sn ×{1}) ∼ = Hn(Sn × D1
+) ∼ = Hn(Sn × D1
−) ∼ = Hn(Sn) ∼ = Z Ͱ͋Δɻ
n = 2 ͱ͢Δɻr = 1 ʹ͍ͭͯ͸ H1(Sn) = 0ɼH0(Sn) ∼ = Z ΑΓ׬શܥྻ
0
w1 − − − − → H1(Sn ×S1)
1 − − − − → H0(Sn ×{−1})⊕ H0(Sn ×{1})(∼ = Z⊕Z) − − − − →
k0 − − − − → H0(Sn × D1
+)⊕ H0(Sn × D1
−)(∼ = Z⊕Z)
͕ಘΒΕΔɻ1 ͸୯ࣹͱͳΔͷͰ ker 1 = 0 Ͱ͋Δ͔Β४ಉܕఆཧʹΑΓ
H1(Sn ×S1)=ker 1 = H1(Sn ×S1) ∼ = image 1 = ker k0
ΛಘΔɻ͜͜Ͱ ker k0 ∼ = Z Λࣔ͢ɻ
h ∈ H0(Sn) ͱ͢Δͱ h×{−1} ∈ H0(Sn ×{−1}) ͱ h×{1} ∈ H0(Sn ×{−1}) ͱ͸ҟͳΔϗϞϩδʔྨʹ
ଐ͢ΔཁૉͰ͋Δ͕ɼD1
+ ʹ͓͍ͯ͸ {−1} ͱ {1} ͱΛ݁Ϳ 1 ࣍ݩ୯ମͷྻ͕ଘࡏ͢ΔͷͰɼ͜ΕΒ͸
H0(Sn × D1
+) ʹ͓͍ͯಉҰͷϗϞϩδʔྨʹଐ͢ΔɻH0(Sn × D1
−) ʹʹ͍ͭͯ΋ಉ༷ͷ͜ͱ͕੒Γཱ
ͭɻ͕ͨͬͯ͠ image k0 ∼ = Z Ͱ͋Γɼ४ಉܕఆཧʹΑͬͯ ker k0 ∼ = Z Ͱ͋Δɻ
͜ΕʹΑΓ H1(Sn ×S1) ∼ = Z ͱͳΔɻ
r = n ʹ͍ͭͯ͸ Hn−1(Sn) = 0 ΑΓ׬શܥྻ
Hn(Sn ×{−1})⊕ Hn(Sn ×{1})(∼ = Z⊕Z) − − − − →
kn − − − − → Hn(Sn × D1
+)⊕ Hn(Sn × D1
−)(∼ = Z⊕Z)
wn − − − − → Hn(Sn ×S1)
n − − − − → 0
͕ಘΒΕΔɻ͜ͷͱ͖ wn ͕શࣹͱͳΔͷͰ image wn = Hn(Sn ×S1) ͱͳΓ४ಉܕఆཧΛ༻͍ͯ
Hn(Sn ×S1) ∼ = (Z⊕Z)=ker wn ∼ = (Z⊕Z)=image kn
ΛಘΔɻ͜͜Ͱ image kn ∼ = Z Λࣔ͢ɻ
h ∈ Hn(Sn) ͱ͢Δͱ h×{−1} ∈ Hn(Sn ×{−1}) ͱ h×{1} ∈ Hn(Sn ×{−1}) ͱ͸ҟͳΔϗϞϩδʔྨʹ
ଐ͢ΔཁૉͰ͋Δ͕ɼD1
+ ʹ͓͍ͯ͸ {−1} ͱ {1} ͱΛ݁Ϳ 1 ࣍ݩ୯ମͷྻ͕ଘࡏ͢ΔͷͰɼ͜ΕΒ͸
Hn(Sn × D1
+) ʹ͓͍ͯಉҰͷϗϞϩδʔྨʹଐ͢ΔɻHn(Sn × D1
−) ʹʹ͍ͭͯ΋ಉ༷ͷ͜ͱ͕੒Γཱ
ͭɻ͕ͨͬͯ͠ image kn ∼ = Z Ͱ͋Δɻ3 ϗϞϩδʔ܈ 54
ಉ༷ͷٞ࿦ʹΑͬͯ r = 0 ͷ৔߹ʹ͸
H0(Sn ×S1) ∼ = (Z⊕Z)=ker w0 ∼ = (Z⊕Z)=image k0
ΑΓ H0(Sn ×S1) ∼ = Z ͕ಘΒΕΔɻ
r ̸= 0,1,n ͷ৔߹͸ Hr(Sn) = 0 ͓Αͼ Hr−1(Sn) = 0 ͳͷͰ׬શܥྻ
0
wr − − − − → Hr(Sn ×S1)
r − − − − → 0
ΑΓ wr ΋ r ΋ಉܕͱͳͬͯ Hr(Sn ×S1) = 0 ͕ಋ͔ΕΔɻ
࣍ʹ n = 1 ͷ৔߹Λߟ͑Δɻr = 1 ͷͱ͖͸࣍ͷ׬શܥྻ͕ಘΒΕΔɻ
H1(S1×{−1})⊕ H1(S1×{1})(∼ = Z⊕Z) − − − − →
k1 − − − − → H1(S1× D1
+)⊕ H1(S1× D1
−)(∼ = Z⊕Z)
w1 − − − − → H1(S1×S1) − − − − →
1 − − − − → H0(S1×{−1})⊕ H0(S1×{1})((∼ = Z⊕Z))
k0 − − − − → H0(S1× D1
+)⊕ H1(S1× D1
−)(∼ = Z⊕Z)
४ಉܕఆཧʹΑͬͯ H1(S1×S1)=ker 1 = H1(S1×S1)=imge w1 ∼ = image 1 = ker k0 ∼ = Z ͱͳΔʢker k0 ∼ = Z
͸্Ͱࣔͨ͠ʣ ɻ·ͨɼ΍͸Γ४ಉܕఆཧʹΑͬͯ (Z⊕Z)=ker w1 = (Z⊕Z)=image k1 ∼ = image w1 ͕ಘΒ
Εɼ͞Βʹ image k1 ∼ = Zʢimage kn ∼ = Z ͱಉ༷ʹͯ͠ٻΊΒΕΔʣΑΓ image w1 ∼ = Z ͱͳΔɻΑͬͯ
H1(S1×S1) ∼ = Z⊕Z ΛಘΔɻ
r = 0 ͷ৔߹͸্Ͱࣔͨ͠ n = 2 ͷ৔߹ͱಉ༷ͷٞ࿦ʹΑͬͯ H0(S1×S1) ∼ = Z ͕ಘΒΕΔɻ
Sn × Sm−1 ʹ্͍ͭͯهͷࣄ࣮͕੒ΓཱͭͱԾఆͯ͠ Sn × Sm ͷ৔߹Λߟ͑ΔɻSm = Dm
+ ∪ Dm
− ͔ͩΒ
Sn ×Sm = (Sn × Dm
+)∪(Sn × Dm





r+1 − − − − → Hr(Sn ×Sm−1)
k∗ − − − − → Hr(Sn × Dm
+)⊕ Hr(Sn × Dm
−) − − − − →
w∗ − − − − → Hr(Sn ×Sm)
r − − − − → Hr−1(Sn ×Sm−1)
k∗ − − − − → ···
Sn × Dm
+ɼSn × Dm
− ͸ͦΕͧΕ Sn ͱϗϞτϐοΫͰ͋Δ͔ΒͦΕΒͷϗϞϩδʔ܈͸ Sn ͷϗϞϩδʔ܈ͱ
ಉܕͰ͋Δɻ
r ̸= 0,m,n ͷͱ͖͸ؼೲ๏ͷԾఆΑΓ Hr−1(Sn ×Sm−1) = 0 Ͱ͋Γɼ·ͨ Hr(Sn) = 0 Ͱ͋Δ͔Β׬શܥྻ
0
wr − − − − → Hr(Sn ×Sm)
r − − − − → 0
͕ಘΒΕɼwr ΋ r ΋ಉܕͱͳͬͯ Hr(Sn ×Sm) = 0 ΛಘΔɻ
m ̸= n ͱԾఆͯ͠ r = n ͷ৔߹Λߟ͑ΔͱɼHn(Sn ×Sm−1) ∼ = ZɼHn−1(Sn) = 0 ΑΓ׬શܥྻ
Hn(Sn ×Sm−1)(∼ = Z)
kn − − − − → Hn(Sn × Dm
+)⊕ Hr(Sn × Dm
−)(∼ = Z⊕Z)
wn − − − − → Hn(Sn ×Sm)
n − − − − → 0
͕ಘΒΕΔɻ͜ͷͱ͖ wn ͕શࣹͱͳΔͷͰ image wn = Hn(Sn ×Sm) ΑΓ४ಉܕఆཧΛ༻͍ͯ
Hn(Sn ×Sm) ∼ = (Z⊕Z)=ker wn ∼ = (Z⊕Z)=image kn
ΛಘΔɻ্هͷ m = 1 ͷ৔߹ͱಉ༷ʹͯ͠ image kn ∼ = Z ͕ࣔ͞ΕΔͷͰ Hn(Sn ×Sm) ∼ = Z ͕ಘΒΕΔɻr = 0
ʹ͍ͭͯ΋্هͷ m = 1 ͷ৔߹ͱಉ༷ʹͯ͠ H0(Sn ×Sm) ∼ = Z ΛಘΔɻ
r = m ͷͱ͖͸ Hm(Sn) = 0ɼHm−1(Sn) = 0 ΑΓ׬શܥྻ
0
wm − − − − → Hm(Sn ×Sm)
m − − − − → Hm−1(Sn ×Sm−1)(∼ = Z)
km−1 − − − − → 03 ϗϞϩδʔ܈ 55
͕ಘΒΕΔɻm ͸ಉܕͱͳΔͷͰ
Hm(Sn ×Sm) ∼ = Z
Ͱ͋Δɻ
࣍ʹ m = n ͷ৔߹Λߟ͑Δɻr = 0ɼr ̸= 0,n ʹ͍ͭͯ͸্هͷ m = 1 ͓Αͼ m ̸= n ͷ৔߹ͱಉ༷ʹͯ͠
H0(Sn ×Sn) ∼ = ZɼHr(Sn ×Sn) = 0(r ̸= 0,n) ͕ࣔ͞ΕΔɻ࠷ޙʹ r = n ͱ͢Δɻ͜ͷͱ͖࣍ͷ׬શܥྻ͕ಘΒ
ΕΔɻ
Hn(Sn ×Sn−1)(∼ = Z)
kn − − − − → Hr(Sn × Dn
+)⊕ Hn(Sn × Dn
−)(∼ = Z⊕Z)
wn − − − − → Hn(Sn ×Sn) − − − − →
n − − − − → Hn−1(Sn ×Sn−1)(∼ = Z)
kn−1 − − − − → 0
n ͕શࣹͰ͋Δ͔Β image n ∼ = Z Ͱ͋Δɻ͕ͨͬͯ͠४ಉܕఆཧʹΑΓ Hn(Sn × Sn)=ker n = Hn(Sn ×
Sn)=image wn ∼ = Z Ͱ͋Δɻ͞Βʹ४ಉܕఆཧʹΑͬͯ (Z⊕Z)=ker wn ∼ = image wn Ͱ͋Δ͕ɼker wn =
image kn ∼ = Z ΑΓ image wn ∼ = Z ͱͳΓ Hn(Sn ×Sn) ∼ = Z⊕Z ͕ಘΒΕΔɻ ,
͜ͷ݁ՌΛ౿·͑ͯ࣍ͷิ୊Λࣔ͢ɻ
ิ୊ 3.45. n = 1, m = 1, m ≤ n, r ≤ n ͱͯ͠ɼm ̸= n(m < n) ͳΒ͹
Hr(Sn ×Sn ×Sm) ∼ = Z ʢr = 0,m ͷͱ͖ʣ
Hr(Sn ×Sn ×Sm) ∼ = Z⊕Z ʢr = n ͷͱ͖ʣ
Hr(Sn ×Sn ×Sm) = 0 ʢr ̸= 0,m,n ͷͱ͖ʣ
·ͨɼm = n ͷͱ͖
Hr(Sn ×Sn ×Sn) ∼ = Z ʢr = 0 ͷͱ͖ʣ
Hr(Sn ×Sn ×Sn) ∼ = Z⊕Z⊕Z ʢr = n ͷͱ͖ʣ
Hr(Sn ×Sn ×Sn) = 0 ʢr ̸= 0,n ͷͱ͖ʣ
ূ໌. ͜Ε΋ؼೲ๏Ͱূ໌͢ΔɻॳΊʹ Hr(Sn ×Sn ×S1) Λܭࢉ͢ΔɻS1 = D1
+∪D1
− ͔ͩΒɼSn ×Sn ×S1 =
(Sn × Sn × D1
+)∪(Sn × Sn × D1
−) Ͱ͋Δɻ͜ΕΒ͸ͦΕͧΕ Sn × Sn × I ͱಉ૬Ͱ͋ͬͯࡾ֯ܗ෼ׂՄೳ
Ͱ͋Δɻ|(Sn × Sn × D1
+)∩(Sn × Sn × D1
−)| = Sn × Sn × S0 = (Sn × Sn ×{−1})∪(Sn × Sn ×{1}) ͱͳΔ͕ɼ
Sn ×Sn ×{−1}, Sn ×Sn ×{1} ͸ͦΕͧΕ࿈݁ͳۭؒͷੵۭؒͱͯͦ͠Εࣗ਎࿈݁Ͱ͋Γɼ·ͨ͜ͷ 2 ͭͷۭ
ؒͷؒʹڞ௨෦෼͸ͳ͍ͷͰ͢΂ͯͷ r ʹ͍ͭͯ
Hr(Sn ×Sn ×S0) = Hr(Sn ×Sn ×{−1})⊕ Hr(Sn ×Sn ×{1})
Ͱ͋Δɻ͜͜Ͱ࣍ͷϚΠϠʔɾϏʔτϦε׬શܥྻΛߟ͑Δɻ
···
r+1 − − − − → Hr(Sn ×Sn ×{−1})⊕ Hr(Sn ×Sn ×{1}) − − − − →
k∗ − − − − → Hr(Sn ×Sn × D1
+)⊕ Hr(Sn ×Sn × D1
−)
w∗ − − − − → Hr(Sn ×Sn ×S1) − − − − →
r − − − − → Hr−1(Sn ×Sn ×{−1})⊕ Hr−1(Sn ×Sn ×{1})
k∗ − − − − → ···
Sn × Sn ×{−1}, Sn × Sn ×{1} ͸ Sn × Sn ͱಉ૬Ͱ͋ΓɼSn × Sn × D1
+, Sn × Sn × D1
− ͸ Sn × Sn ʹϗϞ
τϐοΫͰ͋Δ͔Β Hn(Sn × Sn ×{−1}) ∼ = Hn(Sn × Sn ×{1}) ∼ = Hn(Sn × Sn × D1
+) ∼ = Hn(Sn × Sn × D1
−) ∼ =
Hn(Sn ×Sn) ∼ = Z⊕Z Ͱ͋Δɻ3 ϗϞϩδʔ܈ 56
n = 2 ͱ͢Δɻr = 1 ʹ͍ͭͯ͸ H1(Sn ×Sn) = 0ɼH0(Sn ×Sn) ∼ = Z ΑΓ׬શܥྻ
0
w1 − − − − → H1(Sn ×Sn ×S1)
1 − − − − → H0(Sn ×Sn ×{−1})⊕ H0(Sn ×Sn ×{1})(∼ = Z⊕Z) − − − − →
k0 − − − − → H0(Sn ×Sn × D1
+)⊕ Hr(Sn ×Sn × D1
−)(∼ = Z⊕Z)
͕ಘΒΕΔɻ1 ͸୯ࣹͱͳΔͷͰ ker 1 = 0 Ͱ͋Δ͔Β४ಉܕఆཧʹΑΓ
H1(Sn ×Sn ×S1)=ker 1 = H1(Sn ×Sn ×S1) ∼ = image 1 = ker k0
Λಘɼิ୊ 3.44 ͱಉ༷ʹͯ͠ H1(Sn ×Sn ×S1) ∼ = Z ͕ࣔ͞ΕΔɻ
r = n ʹ͍ͭͯ͸ Hn−1(Sn ×Sn) = 0ɼHn(Sn ×Sn) ∼ = Z⊕Z ΑΓ׬શܥྻ
Hn(Sn ×Sn ×{−1})⊕ Hr(Sn ×Sn ×{1})(∼ = Z4) − − − − →
kn − − − − → Hn(Sn ×Sn × D1
+)⊕ Hr(Sn ×Sn × D1
−)(∼ = Z4)
wn − − − − → Hn(Sn ×Sn ×S1)
n − − − − → 0
͕ಘΒΕΔɻ͜ͷͱ͖ wn ͕શࣹͱͳΔͷͰ image wn = Hn(Sn ×Sn ×S1) ΑΓ४ಉܕఆཧΛ༻͍ͯ
Hn(Sn ×Sn ×S1) ∼ = Z4=ker wn ∼ = Z4=image kn
ΛಘΔɻ͜͜Ͱ image kn ∼ = Z⊕Z Λࣔͦ͏ɻ
h ∈ Hn(Sn ×Sn) ͱ͢Δͱ h×{−1} ∈ Hn(Sn ×Sn ×{−1}) ͱ h×{1} ∈ Hn(Sn ×Sn ×{−1}) ͱ͸ҟͳΔ
ϗϞϩδʔྨʹଐ͢ΔཁૉͰ͋Δ͕ɼD1
+ ʹ͓͍ͯ͸ {−1} ͱ {1} ͱΛ݁Ϳ 1 ࣍ݩ୯ମͷྻ͕ଘࡏ͢Δ
ͷͰɼ͜ΕΒ͸ Hn(Sn ×Sn × D1
+) ʹ͓͍ͯಉҰͷϗϞϩδʔྨʹଐ͢ΔɻHn(Sn ×Sn × D1
−) ʹʹ͍ͭ
ͯ΋ಉ༷ͷ͜ͱ͕੒Γཱͭɻ͕ͨͬͯ͠ image kn ∼ = Z×Z Ͱ͋Δɻ
r = 0 ͷ৔߹ʹ͸ఆཧ 3.44 ͱಉ༷ʹͯ͠
H0(Sn ×Sn ×S1) ∼ = Z⊕Z=ker w0 ∼ = Z⊕Z=image k0 ∼ = Z
ΛಘΔɻ
r ̸= 0,1,n ͷ৔߹͸ Hr(Sn ×Sn) = 0 ͓Αͼ Hr−1(Sn ×Sn) = 0 ͳͷͰ׬શܥྻ
0
wr − − − − → Hr(Sn ×Sn ×S1)
r − − − − → 0
ΑΓ wr ΋ r ΋ಉܕͱͳͬͯ Hr(Sn ×Sn ×S1) = 0 ΛಘΔɻ
࣍ʹ n = 1 ͷ৔߹Λߟ͑Δɻr = 1 ͷͱ͖͸࣍ͷ׬શܥྻ͕ಘΒΕΔɻ
H1(S1×S1×{−1})⊕ H1(S1×S1×{1})(∼ = Z4) − − − − →
k1 − − − − → H1(S1×S1× D1
+)⊕ H1(S1×S1× D1
−)(∼ = Z4)
w1 − − − − → H1(S1×S1×S1) − − − − →
1 − − − − → H0(S1×S1×{−1})⊕ H0(S1×S1×{1})((∼ = Z⊕Z)) − − − − →
k0 − − − − → H0(S1×S1× D1
+)⊕ H1(S1×S1× D1
−)(∼ = Z⊕Z)
४ಉܕఆཧʹΑͬͯ H1(S1 × S1 × S1)=ker 1 = H1(S1 × S1 × S1)=imge w1 ∼ = image 1 = ker k0 ∼ = Z ͱͳΔ
ʢker k0 ∼ = Z ͸ఆཧ 3.44 ͱಉ༷ʣ ɻ·ͨɼ΍͸Γ४ಉܕఆཧʹΑͬͯ Z4=ker w1 = Z4=image k1 ∼ = image w1 ͕3 ϗϞϩδʔ܈ 57
ಘΒΕɼ͞Βʹ image k1 ∼ = Z⊕Zʢimage kn ∼ = Z⊕Z ͱಉ༷ʹͯ͠ٻΊΒΕΔʣΑΓ image w1 ∼ = Z⊕Z ͱͳ
ΔɻΑͬͯ H1(S1×S1×S1) ∼ = Z⊕Z⊕Z ΛಘΔ*32ɻ
r = 0 ͷ৔߹͸্Ͱࣔͨ͠ n = 2 ͷ৔߹ͱಉ༷ͷٞ࿦ʹΑͬͯ H0(S1×S1) ∼ = Z ͕ಘΒΕΔɻ
Sn ×Sn ×Sm−1 ʹ্͍ͭͯهͷࣄ࣮͕੒ΓཱͭͱԾఆͯ͠ Sn ×Sn ×Sm ͷ৔߹Λߟ͑ΔɻSm = Dm
+ ∪ Dm
−
͔ͩΒ Sn × Sn × Sm = (Sn × Sn × Dm
+)∪(Sn × Sn × Dm
−) Ͱ͋Γɼ͜ΕΒ͸ࡾ֯ܗ෼ׂՄೳͰ͋Δɻ·ͨɼ
|(Sn ×Sn × Dm
+)∩(Sn ×Sn × Dm
−)| = Sn ×Sn ×Sm−1 Ͱ͋Δɻ͜͜Ͱ࣍ͷϚΠϠʔɾϏʔτϦε׬શܥྻΛߟ
͑Δɻ
···
r+1 − − − − → Hr(Sn ×Sn ×Sm−1)
k∗ − − − − → Hr(Sn ×Sn × Dm
+)⊕ Hr(Sn ×Sn × Dm
−) − − − − →
w∗ − − − − → Hr(Sn ×Sn ×Sm)
r − − − − → Hr−1(Sn ×Sn ×Sm−1)
k∗ − − − − → ···
Sn×Sn×Dm
+ɼ Sn×Sn×Dm
− ͸ͦΕͧΕ Sn×Sn ͱϗϞτϐοΫͰ͋Δ͔Βɼ ͦΕΒͷϗϞϩδʔ܈͸ Sn×Sn
ͷϗϞϩδʔ܈ͱಉܕͰ͋Δɻ
r ̸= 0,n,m ͷͱ͖͸ؼೲ๏ͷԾఆΑΓ Hr−1(Sn ×Sn ×Sm−1) = 0 Ͱ͋Γɼ·ͨ Hr(Sn ×Sn) = 0 Ͱ͋Δ͔Β
׬શܥྻ
0
wr − − − − → Hr(Sn ×Sn ×Sm)
r − − − − → 0
͕ಘΒΕɼwr ΋ r ΋ಉܕͱͳͬͯ Hr(Sn ×Sn ×Sm) = 0 ΛಘΔɻ
m ̸= n ͱԾఆͯ͠r = n ͷ৔߹Λߟ͑ΔͱɼHn(Sn ×Sn ×Sm−1) ∼ = Z⊕ZɼHn−1(Sn ×Sn) = 0 ΑΓ׬શܥྻ
Hn(Sn ×Sn ×Sm−1)
kn − − − − → Hn(Sn ×Sn × Dm
+)⊕ Hr(Sn ×Sn × Dm
−)(∼ = Z4) − − − − →
wn − − − − → Hn(Sn ×Sn ×Sm)
n − − − − → 0
͕ಘΒΕΔɻ͜ͷͱ͖ wn ͕શࣹͱͳΔͷͰ image wn = Hn(Sn ×Sn ×Sm) ΑΓ४ಉܕఆཧΛ༻͍ͯ
Hn(Sn ×Sn ×Sm) ∼ = Z4=ker wn ∼ = Z4=image kn
ΛಘΔɻ্هͷ m = 1 ͷ৔߹ͱಉ༷ʹͯ͠ image kn ∼ = Z⊕Z ͕ࣔ͞ΕΔͷͰ Hn(Sn ×Sn ×Sm) ∼ = Z⊕Z ͕ಘ
ΒΕΔɻr = 0 ʹ͍ͭͯ͸্هͷ m = 1 ͷ৔߹ͱಉ༷ʹͯ͠ H0(Sn ×Sn ×Sm) ∼ = Z ΛಘΔɻ
r = m ͷͱ͖͸ Hm(Sn ×Sn) = 0ɼHm−1(Sn ×Sn) = 0 ΑΓ׬શܥྻ
0
wm − − − − → Hm(Sn ×Sn ×Sm)(∼ = Z)
m − − − − → Hm−1(Sn ×Sn ×Sm−1)(∼ = Z)
km−1 − − − − → 0
͕ಘΒΕΔɻm ͸ಉܕͱͳΔͷͰ
Hm(Sn ×Sn ×Sm) ∼ = Z
ΛಘΔɻ
࣍ʹ m = n ͷ৔߹Λߟ͑Δɻr = 0ɼr ̸= 0,n ʹ͍ͭͯ͸্هͷ m = 1 ͓Αͼ m ̸= n ͷ৔߹ͱಉ༷ʹͯ͠
H0(Sn ×Sn ×Sn) ∼ = ZɼHr(Sn ×Sn ×Sn) = 0(r ̸= 0,n) ͕ࣔ͞ΕΔɻ࠷ޙʹ r = n ͱ͢Δɻ͜ͷͱ͖࣍ͷ׬શ
ܥྻ͕ಘΒΕΔɻ
Hn(Sn ×Sn ×Sn−1)(∼ = Z⊕Z)
kn − − − − → Hn(Sn ×Sn × Dn
+)⊕ Hn(Sn ×Sn × Dn
−)(∼ = Z4) − − − − →
wn − − − − → Hn(Sn ×Sn ×Sn)
n − − − − → Hn−1(Sn ×Sn ×Sn−1)(∼ = Z)
kn−1 − − − − → 0
n ͕શࣹͰ͋Δ͔Β image n ∼ =Z Ͱ͋Δɻ͕ͨͬͯ͠४ಉܕఆཧʹΑΓ Hn(Sn×Sn×Sn)=ker n = Hn(Sn×
Sn × Sn)=image wn ∼ = Z Ͱ͋Δɻ͞Βʹ४ಉܕఆཧʹΑͬͯ Z4=ker wn ∼ = image wn Ͱ͋Δ͕ɼker wn =
image kn ∼ = Z⊕Z ΑΓ image wn ∼ = Z⊕Z ͱͳΓ Hn(Sn ×Sn ×Sn) ∼ = Z⊕Z⊕Z ͕ಘΒΕΔɻ ,
*32 H1(S1 ×S1 ×S1)=imge w1 ∼ = Z Ͱ͋Γɼimage w1 ∼ = Z⊕Z Ͱ͋Δ͔Β H1(S1 ×S1 ×S1) ͷཁૉͷ಺ 2 ͭͷ੔਺ͷ૊Έ߹Θ
ͤͷ෦෼ΛಉҰࢹͯ͠ Z ͕ಘΒΕΔͷͰ H1(S1×S1×S1) ∼ = Z⊕Z⊕Z ͱͳΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 58
Ҏ্ 2 ͭͷิ୊Λ΋ͱʹͯ͠ؼೲతʹ࣍ͷ݁ՌΛಘΔɻ
ఆཧ 3.46.
Hn((Sn)q) ∼ = Zq
3.16 ϗϞϩδʔ܈ͱࣸ૾౓
ࣸ૾౓ Sn Λ n ࣍ݩٿ໘ͱ͢Δͱ Hn(Sn) ∼ = Z Ͱ͋Δɻ࿈ଓࣸ૾ f : Sn → Sn ʹΑͬͯಋ͔ΕΔ४ಉܕ
f∗ : Hn(Sn) → Hn(Sn)
ʹ͍ͭͯ Hn(Sn) ͷੜ੒ݩΛ x ͱ͢Δͱ f∗ ͸४ಉܕͰ͋Δ͔Β೚ҙͷ y = nx(∈ Hn(Sn) : n ∈ Z) ʹର
ͯ͠ f∗(y) = nf∗(x) Ͱ͋Γɼf∗(x) = ( f )x ͱ͢Ε͹ f∗(y) = n( f )x = ( f )y ͱͳΔɻHn(Sn) ∼ = Z ͳ
ͷͰ ( f ) ͸੔਺Ͱ͋Δɻ͜ͷ੔਺ ( f ) Λ f ͷࣸ૾౓ͱݺͿɻࣸ૾౓ʹ͍ͭͯ࣍ͷࣄ࣮͕੒Γཱͭɻ
(1). 2 ͭͷ࿈ଓࣸ૾ f ɼg ͕ϗϞτϐοΫͰ͋Ε͹ͦΕΒʹΑͬͯಋ͔ΕΔ४ಉܕ f∗ɼg∗ ͸౳͍͠
ʢ f∗ = g∗ʣͷͰࣸ૾౓͸౳͍͠ɼ͢ͳΘͪ ( f ) = (g)ɻ
(2). ߃౳ࣸ૾ f ʹΑͬͯಋ͔ΕΔ४ಉܕ͸ϗϞϩδʔ܈ͷ߃౳ࣸ૾Ͱ͋Δʢ f∗(x) = xʣ͔Β߃౳ࣸ૾
ͷࣸ૾౓͸ 1 ʹ౳͍͠ɻ
(3). ఆ஋ࣸ૾ʢ͢΂ͯͷ఺ΛಉҰͷ఺ʹҠࣸ͢૾ʣʹΑͬͯಋ͔ΕΔ४ಉܕ͸ 0 ͳͷͰఆ஋ࣸ૾ͷࣸ૾
౓͸ 0 ʹ౳͍͠ɻ·ͨɼશࣹͰ͸ͳ͍࿈ଓࣸ૾ͷ૾͸ 1 ఺ͱϗϞτϐʔಉ஋Ͱ͋Δ͔Β*33ɼͦͷ
Α͏ͳࣸ૾ͷࣸ૾౓΋ 0 Ͱ͋Δɻ




2 ਓҎ্ k ਓͷݸਓ͔ΒͳΔࣾձʹ͓͍ͯબ୒ࢶͷू߹Λ X = Rn ͱͯ͠ɼX ʹؔ͢Δݸਓͷબ޷͔Βࣾձ
తͳબ޷Λಋࣾ͘ձతબ୒ϧʔϧʢࣾձతްੜؔ਺ (social welfare function)ʣΛߟ͑Δ*34ɻ͋Δݸਓͷબ޷͸
X ্Ͱఆٛ͞Εͨແࠩผۂ໘ʹΑͬͯද͞ΕɼX ͷ͋Δ఺ x ʹ͓͚Δແࠩผۂ໘ʹਨ௚ͳϕΫτϧΛ p(x) ͱ
͢Δɻp ͷූ߸͸ͦͷݸਓͷબ޷͕ਖ਼ͱͳΔʢ͋Δ͍͸ޮ༻͕૿େ͢Δʣํ޲Λਖ਼ͱͯ͠ఆΊΒΕΔɻং਺త
ͳޮ༻Λߟ͑ΔͷͰબ޷ͷํ޲ੑ͚͕ͩ໰୊Ͱ͋Γͦͷڧ͞͸ؔ܎ͳ͍͔Β p(x) ͸େ͖͕͞ 1 ͷϕΫτϧͰ
͋ΔͱԾఆ͢Δ͜ͱ͕Ͱ͖Δɻ֤఺ x ʹ͓͍ͯՄೳͳ p(x) ͷू߹Λ P Ͱද͢ɻ͋ΒΏΔํ޲ͷબ޷͕ՄೳͰ
͋Ε͹ P ͸൒ܘ 1 ͷ n−1 ࣍ݩٿ໘ Sn−1 Λͳ͢ɻࣾձతްੜؔ਺͸ X ͷ֤఺ x ʹ͓͍ͯ k ਓͷਓʑͷબ޷
ͷ૊Έ߹Θ͔ͤΒࣾձͷબ޷Λಋ͖ग़͢΋ͷͰ͋ΓɼF : (Sn−1)k → Sn−1 ͱද͞ΕΔɻPk = (Sn−1)k ͷཁૉ
Λ p Ͱද͢ɻ
·ͣҎԼͷఆཧͷূ໌ʹඞཁͳ͍͔ͭ͘ͷ݁ՌΛ͓ࣔͯ͜͠͏ɻ
ิ୊ 4.1. Sn−1 ͔Β Sn−1 ΁ͷ 2 ͭͷؔ਺ f ɼg ʹ͍ͭͯɼ͢΂ͯͷ x ∈ Sn−1 ʹ͍ͭͯ f (x) ̸= −g(x) ͳΒ͹
f ͱ g ͸ϗϞτϐοΫͰ͋Δɻ
*33 ૾͸ Sn ͔Βগͳ͘ͱ΋ 1 ఺ΛऔΓআ͍ͨ΋ͷͰ͋ΓɼSn ্Ͱ 1 ఺ʹ࿈ଓతʹऩॖͤ͞ΒΕΔɻ
*34 ҎԼͷ಺༰͸ Chichilnisky (1982b), Mehta (1997), Lauwers (2000) ʹΑΔɻࣾձతްੜؔ਺ͱ͍͏ݴ༿ʹ͸ࣾձతબ޷͕ਪ
Ҡੑ (transitivity) Λຬͨ͢ͱ͍͏Ծఆؚ͕·Ε͍ͯΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 59
ূ໌. ؔ਺
H(x,t) : Sn−1× I −→ Sn−1 : (x,t) −→
(1−t) f (x)+tg(x)
|(1−t) f (x)+tg(x)|
Λߟ͑Δͱɼ͜Ε͸ f ͱ g ͷؒͷϗϞτϐʔͰ͋ΔʢI ͸ด۠ؒ [0,1] Λද͢ʣ ɻ
(1−t) f (x)+tg(x)=|(1−t) f (x)+tg(x)| ͕ද͢఺ͱݪ఺ͱͷڑ཭ʢ͋Δ͍͸ϕΫτϧͷେ͖͞ʣ͸
|(1−t) f (x)+tg(x)| ̸= 0 Ͱ͋ΔݶΓৗʹ 1 ʹ౳͍͠ɻ·ͨ f (x) ̸= −g(x) Ͱ͋Ε͹ f (x) ͱ g(x) ͕ٯ
ํ޲ͷϕΫτϧʹͳΔ͜ͱ͸ͳ͍ͷͰ |(1−t) f (x)+tg(x)| = 0 ͱ͸ͳΒͳ͍ɻҰํ͋Δ x ʹ͍ͭͯ
f (x) = −g(x) ͳΒ͹ t = 1=2 ͷͱ͖ |(1−t) f (x)+tg(x)| = 0 ͱͳΔɻ
,
ݸਓͷબ޷ͷ૊Έ߹Θͤ ¯ p ∈ (Sn−1)k Λݻఆͯ͠ҎԼͷΑ͏ͳแؚࣸ૾Λߟ͑Δɻ
(1). il : Sn−1 −→ (Sn−1)k : p −→ (¯ p−l, p)
¯ p−l ͸ ¯ p ʹ͓͚Δݸਓ l(1 ≤ l ≤ k) Ҏ֎ͷਓʑͷબ޷ͷ૊Έ߹ΘͤΛද͢ɻ֤ l ʹ͍ͭͯ͜ͷΑ͏ͳแ
ؚࣸ૾ il Λఆٛ͢Δɻp ͸ Sn−1 શମͰมΘΓಘΔ͕ɼ(Sn−1)k ʹ͓͍ͯ l ൪໨Ҏ֎ͷબ޷͸มԽͤͣɼ
l ൪໨ͷબ޷͸ p ͱಉҰͰ͋Δɻ͜ͷแؚࣸ૾ʹΑͬͯಋ͔ΕΔ n−1 ࣍ݩϗϞϩδʔ܈ͷ४ಉܕΛ
il∗ : Hn−1(Sn−1) −→ Hn−1(Sn−1)k ͱ͢Δͱ il∗(h) = (0,··· ,h,··· ,0)ʢl ൪໨ͷΈ h Ͱଞ͸ 0ɼh ͸͋Δ
ϗϞϩδʔྨͷ୅දݩʣͱͳΔɻ
(2). 1 : Sn−1 −→ (Sn−1)k : p −→ (p,··· , p)ʢ͢΂ͯͷ੒෼͕ p ʹ౳͍͠ʣ
p ͸ Sn−1 શମͰมΘΓɼͦΕʹରԠͯ͠ (Sn−1)k ʹ͓͍ͯ͢΂ͯͷ੒෼͕ p ͱಉ͡Α͏ʹมԽ͢Δ͔
Βɼ͜ͷแؚࣸ૾ʹΑͬͯಋ͔ΕΔϗϞϩδʔ܈ͷ४ಉܕΛ 1∗ ͱ͢Δͱ 1∗(h) = (h,··· ,h)ʢ͢΂ͯͷ
੒෼͕ hʣͰ͋Δɻ͜ΕΒ͸४ಉܕͰ͋Δ͔Β࣍ͷ͕ࣜ੒Γཱͭɻ
1∗ = i1∗+i2∗+···+ik∗ (4.1)
࣍ʹࣾձతްੜؔ਺ F ͱ্هͷแؚࣸ૾ͱͷ߹੒ؔ਺Λߟ͑Δɻ
(1). F ◦il ʢ֤ l ʹ͍ͭͯʣ : Sn−1 −→ Sn−1 : p −→ F(¯ p−l, p)
(2). F ◦1 : Sn−1 −→ Sn−1 : p −→ F(p,··· , p)
͜ΕΒ͸ٿ໘͔Βٿ໘΁ͷ࿈ଓͳؔ਺Ͱ͋Δ͔Βࣸ૾౓͕ఆٛͰ͖Δɻ¯ p ͱ͸ҟͳΔબ޷ͷ૊Έ߹Θͤ ¯ p′ ʹ
ରԠͨ͠ p −→ F(¯ p′
−l, p) ͸ p −→ F(¯ p−l, p) ͱϗϞτϐοΫͰ͋Δ͔Β F ◦il ͷࣸ૾౓͸ݸਓ l Ҏ֎ͷਓʑ
ͷબ޷ʹ͸ґଘ͠ͳ͍ɻ
¯ p−l ͱ ¯ p′
−l ͷ֤ݸਓʢݸਓ l Ҏ֎ʣͷ੒෼Λ pjɼp′
j ͱ͠ɼ֤ݸਓʹ͍ͭͯ −pjɼ−p′
j ͱ͸ҟͳΔબ޷
ˆ pj ∈ Sn−1 ΛͱΔɻ





(1−2t)pj +2t ˆ pj
|(1−2t)pj +2t ˆ pj|
1
2
≤ t ≤ 1 ͷͱ͖ p′′
j =
(2t −1)p′
j +(2−2t) ˆ pj
|(2t −1)p′
j +(2−2t) ˆ pj|
ͱ͓͚͹ p′′
j ∈ Sn−1 Ͱ͋Δɻ͜ͷ p′′
j ͷ૊Λ ¯ p′′
−l ͱ͠ɼݸਓ l ͷબ޷Λ p ͱͯ͠
H(p,t) = F(¯ p′′
−l, p)
Λߟ͑Δͱ͜Ε͸ F(¯ p−l, p) ͱ F(¯ p′
−l, p) ͱͷؒͷϗϞτϐʔͰ͋Δɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 60
͞Βʹࣸ૾౓ʹ͍ͭͯ࣍ͷࣄ࣮Λࣔ͢͜ͱ͕Ͱ͖Δɻ
ิ୊ 4.2. F ◦il ʢ֤ l ʹ͍ͭͯʣ ͱ F ◦1 ͷࣸ૾౓ʹͭؔͯ࣍͠ͷ͕ࣜ੒Γཱͭɻ
deg(F ◦1) = deg(F ◦i1)+deg(F ◦i2)+···+deg(F ◦ik) (4.2)
ূ໌. ߹੒ؔ਺ʹΑͬͯಋ͔ΕΔϗϞϩδʔ܈ͷؔ܎ʹΑͬͯ (F ◦1)∗ = F∗◦1∗ ͓Αͼ (F ◦il)∗ = F∗◦il∗ ͕
੒Γཱͭɻ(4.1) ΑΓ
(F ◦1)∗ =F∗◦1∗ = F∗◦(i1∗+i2∗+···+ik∗) = F∗◦i1∗+ F∗◦i2∗+···+ F∗◦ik∗
=(F ◦i1)∗+(F ◦i2)∗+···+(F ◦ik)∗
ͱͳΔɻ͕ͨͬͯ͠





͜Ε͸ F ͕ p ʹ͍ͭͯ࿈ଓͰ͋Δ͜ͱΛཁٻ͢Δ΋ͷͰ͋Δ͕ɼͦͷҙຯ͢Δͱ͜Ζ͸ਓʑͷબ޷͕
͘͝Θ͔ͣʹมԽͨ͠ͱ͖ʹࣾձతબ޷͕େ͖͘͸มԽ͠ͳ͍ͱ͍͏͜ͱͰ͋Δɻ
(2). ಗ໊ੑ (anonymity)









ূ໌. શһҰகੑʹΑΓ F ◦1(p) = p ͕͢΂ͯͷ p ∈ Sn−1 ʹ͍ͭͯ੒Γཱͭɻ͕ͨͬͯ͠ F ◦1 ͸߃౳ࣸ૾
ͱͳΔͷͰͦͷࣸ૾౓͸ 1 ʹ౳͍͠ɼ͢ͳΘͪ deg(F ◦1) = 1 Ͱ͋ΔɻҰํɼಗ໊ੑʹΑͬͯ͢΂ͯͷ l ʹ





ύϨʔτݪཧ (Pareto principle) X ʹؚ·ΕΔ͋Δ೚ҙͷ 2 ͭͷબ୒ࢶ x, y ʹ͍ͭͯɼશһ͕ y ΑΓ x Λ޷




ऑ͍ਖ਼ͷ൓Ԡੑ (Weak positive association condition, WPAC) ͋Δબ޷ͷ૊Έ߹Θͤ p ʹ͓͍ͯɼ͋Δݸ
ਓ l ʹ͍ͭͯ F(p)=−pl ͳΒ͹ɼF(¯ p−l, pl)̸= pl Ͱ͋Δɻͨͩ͠ɼ¯ p=(−pl,··· ,−pl)(͢΂͕ͯ −plʣ ɻ
͜ͷ৚݅͸ɼ͋Δબ޷ͷ૊Έ߹Θͤʹ͓͍ͯࣾձతްੜؔ਺͕ݸਓ l ͷબ޷ͱ͸ٯͷબ޷ΛબΜͰ
͍Δͱ͖ɼݸਓ l Ҏ֎ͷਓʑͷબ޷͕ͦͷٯͷબ޷ʹͳͬͨͱ͖ʹࣾձతްੜؔ਺͕ݸਓ l ͷબ޷
Λબ͹ͳ͍ͱ͍͏͜ͱΛҙຯ͢Δɻ
·ͣύϨʔτݪཧͷ࣋ͭҙຯΛߟ͑ͯΈΔɻ
ิ୊ 4.4. ࣾձతްੜؔ਺͕ύϨʔτݪཧΛຬͨ͢΋ͷͱ͢Δɻݸਓ l ͕બ޷ −p Λ࣋ͪɼଞͷ͢΂ͯͷਓʑ
͕બ޷ p Λ͍࣋ͬͯΔͱ͖ࣾձతްੜؔ਺͸ p ͔ −p ͷ͍ͣΕ͔ΛબͿɻ
ূ໌. x ∈ X ʹ͓͍ͯݸਓ l Ҏ֎ͷ͢΂ͯͷਓʑ͕બ޷ p Λ࣋ͪɼݸਓ l ͕બ޷ p′(̸= −p) Λ͍࣋ͬͯΔͱ͖ɼ
ύϨʔτݪཧΛຬͨࣾ͢ձతްੜؔ਺͕બͿબ޷Λ p∗ ͱ͢Δɻ֤બ޷͕ద౰ͳޮ༻ؔ਺Ͱදݱ͞ΕΔ΋ͷ
ͱ͢Ε͹ p ΍ p′ ͳͲ͸ͦͷޯ഑Λද͍ͯ͠ΔɻύϨʔτݪཧ͸ p ͱ p′ ͕ද͢ޮ༻͕ͱ΋ʹ૿Ճ͢Δํ޲ʹ
ࣾձతબ޷ p∗ ͕ද͢ޮ༻΋૿Ճ͢Δ͜ͱΛཁٻ͢Δɻݴ͍׵͑Ε͹ Sn−1 ͷϕΫτϧΛ v ͱͯ͠಺ੵ p·vɼ
p′·v ͕ͱ΋ʹਖ਼ͱͳΔ͢΂ͯͷ v ʹ͍ͭͯ಺ੵ p∗·v ΋ਖ਼ͱͳΔ͜ͱ͕ٻΊΒΕΔɻ
͜͜Ͱ p′ ͕ −p ʹ͍ۙͮͯߦ͘ͱ͢Δͱ p·v > 0ɼp′·v > 0 Λຬͨ͢ v ͸ p ͱ p′ɼ−p Λ݁Ϳԁʢେԁʣ
ͷยํͷ൒ԁͷத఺ʹ͖ۙͮɼp∗ ͸ͦͷยํͷ൒ԁʹؚ·ΕΔ఺ʹ͍ۙͮͯߦ͘ɻҰํ p′ Λ্هͷ΋ͷͱ͸
ٯํ޲ʹͱͬͯ −p ʹ͚ۙͮͯߦ͘ͱ͢Δͱɼͦͷۃݶʹ͓͍ͯ p∗ ͸ p ͱ p′ɼ−p Λ݁Ϳେԁͷ΋͏Ұํͷ
൒ԁʹؚ·ΕΔ఺ʹ͍ۙͮͯߦ͘ɻࣾձతްੜؔ਺ͷ࿈ଓੑʹΑͬͯ͜ΕΒ྆ऀ͸Ұக͠ͳ͚Ε͹ͳΒͳ͍ͷ
Ͱ p∗ ͸ p ·ͨ͸ −p Ͱͳ͚Ε͹ͳΒͳ͍ɻ
p′ = −p ͷͱ͖ʹ͸ p ͱ −p ͷ྆ํͱਖ਼ͷ಺ੵΛ࣋ͭϕΫτϧ͸ͳ͍ͷͰύϨʔτݪཧʹΑͬͯ p∗ ͸
੍໿Λड͚ͳ͍ɻ͢ͳΘͪ Sn−1 ্ͷ͢΂ͯͷϕΫτϧ͕ύϨʔτݪཧΛຬͨ͢ɻ͔͠͠ɼۃݶʹ͓͍
ͯ p′ ͕ −p ʹ͍ۙͮͯߦ͘ͱ͖ʹ͸ p∗ ͸ p ͱ −p Λ݁Ϳ 2 ͭͷ൒ԁͷͦΕͧΕʹؚ·ΕΔ఺ʹۙͮ
͍͍ͯ͘ͷͰɼࣾձతްੜؔ਺ͷ࿈ଓੑʹΑͬͯ p ·ͨ͸ −p ͱͳΒͳ͚Ε͹ͳΒͳ͍ɻ
,
͞ΒʹύϨʔτݪཧʹΑͬͯ࣍ͷ͜ͱ͕Θ͔Δɻ¯ p = (p, p,··· , p) ͱ͢Δɻ
ੑ࣭ 1 ͢΂ͯͷ p′(̸= −p) ʹ͍ͭͯ F(¯ p−l, p′) ̸= −p′
F(¯ p−l, p′) ͸ pɼp′ ͱਖ਼ͷ಺ੵΛ࣋ͭϕΫτϧͱͷؒͰਖ਼ͷ಺ੵΛ࣋ͨͳ͚Ε͹ͳΒͳ͍͕ −p′ ͸ͦ
ͷ৚݅Λຬͨ͞ͳ͍ɻ
ੑ࣭ 2 ͢΂ͯͷ p′(̸= −p) ʹ͍ͭͯ F(¯ p−l, p′) ̸= −p




(1). ֤ݸਓʹରԠͨ͠ F ◦il ͷࣸ૾౓͸ 1 ͔ 0 Ͱ͋Δɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 62
(2). 1 ʹ౳͍ࣸ͠૾౓Λ࣋ͭ F ◦il ͕ 1 ͭ͋Γɼ1 ͚ͭͩͰ͋Δɻ
ূ໌. (1). F ◦il ͷࣸ૾౓͸ݸਓ l Ҏ֎ͷਓʑͷબ޷ʹґଘ͠ͳ͍ͷͰ ¯ p = (p, p,··· , p)ʢ͢΂ͯͷਓʑͷબ
޷͕ p ʹ౳͍͠ʣΛͱͬͯ F ◦il : p′ −→ F(¯ p−l, p′) ߟ͑Δɻิ୊ 4.4 ΑΓ F(¯ p−l,−p) ͸ p ·ͨ͸ −p
ʹ౳͍͠ɻF ◦il(−p) = −p ͷͱ͖͸্هͷੑ࣭ 1 ʹΑͬͯɼ͢΂ͯͷ p′ ʹ͍ͭͯ F ◦il(p′) ̸= −p′ ͕
੒ΓཱͭͷͰิ୊ 4.1 ʹΑΓ F ◦il ͸߃౳ࣸ૾ʹϗϞτϐοΫͰ͋Δ͔Βͦͷࣸ૾౓͸ 1 ʹ౳͍͠ɻ
Ұํ F ◦il(−p) = p ͷͱ͖͸্هͷੑ࣭ 2 ʹΑͬͯɼ͢΂ͯͷ p′ ʹ͍ͭͯ F ◦il(p′) ̸= −p ͕੒Γཱͭ
ͷͰิ୊ 4.1 ʹΑΓ F ◦il ͸ఆ஋ࣸ૾ʢp′ −→ pʣʹϗϞτϐοΫͰ͋Δ͔Βࣸ૾౓͸ 0 ʹ౳͍͠ɻ
(2). ύϨʔτݪཧ͸શһҰகੑΛҙຯ͢ΔͷͰ F ◦1 ͷࣸ૾౓͸ 1 ʹ౳͍͠ɻ͕ͨͬͯ͠ (4.1) ʹΑΓ། 1





ূ໌. બ޷ͷ૊Έ߹ΘͤΛ p Ͱද͢ɻݸਓ dʢͦͷબ޷͸ pdʣΛಠࡋऀͱ͢Δಠࡋతͳࣾձతްੜؔ਺ 5d(p)
͸ৗʹ 5d(p) = pd Λຬͨ͢ɻ͕ͨͬͯ͠ 5d(p)◦id ͸߃౳ࣸ૾ͱͳΓͦͷࣸ૾౓͸ 1 ʹ౳͍͠ɻ
֤ݸਓ l ʹ͍ͭͯ࣍ͷ৚݅Λߟ͑Δɻ
͢΂ͯͷ p ∈ (Sn−1)k ʹ͍ͭͯ F(p) ̸= −pl(= −5l(p))ɼͨͩ͠ pl ͸ p ʹ͓͚Δݸਓ l ͷબ޷Λද͢ɻ
΋͜͠ͷ৚͕݅ݸਓ l ʹ͍ͭͯ੒Γཱͭͱ͢Δͱิ୊ 4.1 ʹΑͬͯ F ͱ 5lʢಠࡋతͳࣾձతްੜؔ਺ʣ͸ϗ
ϞτϐοΫͰ͋Δɻ͕ͨͬͯ͠ F ◦il ͷࣸ૾౓͸ 1 Ͱ͋Δɻ
Ұํɼ͋Δબ޷ͷ૊Έ߹Θͤʹ͓͍ͯ F(p) = −pl Ͱ͋Δͱ͢Δͱɼੑ࣭ 2 ͱऑ͍ਖ਼ͷ൓ԠੑʹΑͬͯ
¯ p = (−pl,−pl,··· ,−pl) ʹରͯ͠
F ◦il : p′ −→ F(¯ p−l, p′)






ڋ൱ݖऀͷඇଘࡏ (no-veto condition) ࣾձతްੜؔ਺ F ͕࣍ͷ৚݅Λຬͨ͢ɻ
F(¯ p−l,−p) ̸= −pɼͨͩ͠¯ p = (p,··· , p)(͢΂͕ͯ pʣ
͜ͷ৚݅͸ɼ͋Δ 1 ਓͷਓ͕ଞͷ͢΂ͯͷਓʑͱٯͷબ޷Λ࣋ͭͱ͖ʹɼࣾձతબ޷͕ͦͷٯͷબ޷ʹͳΔ͜
ͱ͸ͳ͍ͱ͍͏͜ͱΛٻΊΔɻ
*35 ͜ͷఆཧ͸ Lauwers (2000) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 63
ূ໌. ্هͷੑ࣭ 2 ͱڋ൱ݖऀͷඇଘࡏͷ৚݅ʹΑΓɼ֤ݸਓ l ʹ͍ͭͯแؚࣸ૾ il : p′ −→ (¯ p−l, p′) ͱ F ͱ















͋Δ͕ɼͦͷ෼ੳʹ͸τϙϩδʔ͸༻͍ͳ͍*38ɻબ୒ࢶͷू߹Λ A ͱ͠ k ਓͷݸਓ͔ΒͳΔࣾձΛߟ͑Δɻ
ਓʑͷ͋Δબ޷Λ pɼͦͷू߹Λ Pɼબ޷ͷ૊Έ߹ΘͤΛ pɼͦͷू߹Λ Pk ͱ͢Δͱɼࣾձతްੜؔ਺͸
F(p) : Pk −→ P ͱද͞ΕΔɻ
·ͣݸਓ͓Αͼࣾձతબ޷ͷڑ཭ͱબ޷ͷ૊Έ߹Θͤͷڑ཭Λ࣍ͷΑ͏ʹఆٛ͢Δɻ
ݸਓ͓Αͼࣾձతબ޷ͷڑ཭ 2 ͭͷબ޷ pɼp′ ͷڑ཭Λ d(p, p′) Ͱද࣍͠ͷΑ͏ʹఆٛ͢Δɻ
d(p, p′) = |p− p′|
|p− p′| ͸ p ͱ p′ ʹ͓͍ͯҟͳΔબ޷ͷ਺Λද͢ɻྫ͑͹ p ͱ p′ ʹ͓͍ͯ 2 ͭͷબ୒ࢶ xɼy ʹ͍ͭ
͚ͯͩબ޷͕ҟͳΔ৔߹͸ d(p, p′) = 1 Ͱ͋Δɻ͜Ε͸࣍ͷڑ཭ͷ৚݅Λຬͨ͢ɻ
(1) d(p, p) = 0,(2) p ̸= p′ͳΒ͹ d(p, p′) > 0,(3) d(p, p′) = d(p′, p),
(4) ҟͳΔ 3 ͭͷબ޷ p, p′, p′′ʹ͍ͭͯ d(p, p′′) ≤ d(p, p′)+d(p′, p′′)
ࣾձతબ޷ʹ͍ͭͯ΋ಉ༷ʹ
d(F(p),F(p′)) = |F(p)− F(p′)|
Ͱڑ཭͕ఆٛ͞ΕΔʢpɼp′ ͸ 2 ͭͷબ޷ͷ૊Έ߹Θͤʣ ɻ






*36 ύϨʔτݪཧʹΑͬͯ (F ◦1)∗ ͷࣸ૾౓͸ 1 Ͱ͋Δɻ
*37 ͜ͷఆཧ͸ Chichilnisky (1982a)ɼMehta (1997) ʹΑΔɻ
*38 ҎԼͷ಺༰͸ Baigent (1987) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 64
ͱఆٛ͢Δɻpiɼp′
i ͸ͦΕͧΕ pɼp′ ʹ͓͚Δݸਓ i ͷબ޷Λද͢ʢҎԼಉ༷ʣ ɻ
͜ΕΒͷڑ཭ʹ͍ͭͯۙ઀ੑͷอଘ৚݅Λఆٛ͢Δɻ
ۙ઀ੑͷอଘ ೚ҙͷ 3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ɼp′′ ʹ͍ͭͯɼD(p,p′′) > D(p,p′) Ͱ͋Δͱ͖ʹ
d(F(p),F(p′)) > d(F(p),F(p′′)) ͱ͸ͳΒͳ͍ɻ
Ҏ্ͷ४උΛ΋ͱʹ࣍ͷ݁Ռ͕ࣔ͞ΕΔɻ
ิ୊ 4.9. ࣾձతްੜؔ਺͸શһҰகੑΛຬͨ͢΋ͷͱ͢Δɻ͢΂ͯͷਓʑ͕ಉ͡બ޷ pɼq(p ̸= q) Λ࣋ͭબ





















d(p,q) ͔ͭ F(s) ̸= F(p)
ূ໌.
F(t) ̸= F(q) ͔ͭɼ͢΂ͯͷݸਓʹ͍ͭͯ ti = p ·ͨ͸ ti = q





d(p,q) Ͱ͋Δɻ͜Ε͸ t ʹ͓͍ͯ p ͷબ޷Λ࣋ͭਓʑͷ਺͕ɼk ͕ۮ਺ͷ
৔߹ʹ͸ k
2 ΑΓଟ͘ɼk ͕ح਺ͷ৔߹ʹ͸ k+1
2 ΑΓଟ͍͜ͱΛҙຯ͢Δɻٯʹݴ͑͹ q ͷબ޷Λ࣋ͭਓ͸ k
͕ۮ਺ͷ৔߹ʹ͸ k












d(p,q) ͱͳΔɻ͜͜Ͱબ޷ͷ૊Έ߹Θͤ s Λ࣍ͷΑ͏ʹͯ͠࡞Δɻ
(1). tj = p Ͱ͋ΔΑ͏ͳ͋Δ 1 ਓͷݸਓ j ʹ͍ͭͯ si = q
(2). ͦΕҎ֎ͷਓʑʢi Ͱද͢ʣʹ͍ͭͯ͸ si = ti
͢Δͱ D(s,q) = D(t,q)−d(p,q)ɼ͢ͳΘͪ
D(s,q) < D(t,q)
Ͱ͋Δ͔Β F(s) = F(q) = qʢશһҰகੑʹΑΓʣͰ͋Δɻt ͸ F(t) ̸= F(q) Ͱ͋ͬͯશһ͕ p ·ͨ͸ q ͷબ















ఆཧ 4.10. ಗ໊ੑɼશһҰகੑɼۙ઀ੑͷอଘ৚݅Λຬͨࣾ͢ձతްੜؔ਺͸ଘࡏ͠ͳ͍ɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 65







d(p,q) ͳΒ͹ F(r) = F(q)
͕੒ΓཱͭͱԾఆ͢Δɻͦͷͱ͖ิ୊ 4.9 ΑΓ࣍ͷ৚݅Λຬͨ͢બ޷ͷ૊Έ߹Θͤ s ͕͋Δɻ





d(p,q) ͔ͭ F(s) ̸= F(p)
ผͷબ޷ͷ૊Έ߹Θͤ s′ Λ࣍ͷΑ͏ʹ࡞Δɻ
(1). si = q ͷਓʑͷू߹Λ I1 ͱ͠ɼͦΕΒͷਓʑʹ͍ͭͯ s′
i = p
(2). I1 Ҏ֎ͷਓʑͷ಺ I1 ͱಉ͡ਓ਺͔ΒͳΔ͋Δू߹Λ I2 ͱ͠ɼͦΕΒͷਓʑʹ͍ͭͯ s′
i = q
































ͱͳΔɻF(s) ̸= F(p) Ͱ͋Δ͔Β d(F(s),F(p)) > 0 Ͱ͋ΓɼF ͕ಗ໊ੑΛຬͨͤ͹ d(F(s),F(s′)) = 0 Ͱ͋Δɻ







d(p,q) Ͱ͋ͬͯ F(r) ̸= F(q)
͕੒Γཱͨͳ͚Ε͹ͳΒͳ͍ɻͦͷͱ͖ r Λ΋ͱʹબ޷ͷ૊Έ߹Θͤ r′ Λ s ͔Β s′ Λ࡞ͬͨͷͱಉ͡Α͏ʹ





ݸਓͷબ޷ɼ͓Αͼࣾձతબ޷ͷڑ཭ 2 ͭͷબ޷ pɼp′ ͷڑ཭Λ d(p, p′) Ͱද͠ɼd(p, p′) ͸࣍ͷ৚݅Λຬ
ͨ͢΋ͷͱ͢Δɻ
(1) d(p, p) = 0,(2) p ̸= p′ͳΒ͹ d(p, p′) > 0,(3) d(p, p′) = d(p′, p),




















*40 ҎԼͷ಺༰͸ Grafe and Grafe (2001) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 66
બ޷ͷ૊Έ߹Θͤͷڑ཭ 2 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ ͷڑ཭Λ D(p,p′) Ͱද͢ɻ্ͱಉ༷ʹ࣍ͷ৚݅Λຬ
ͨ͢΋ͷͱ͢Δɻ
(1) D(p,p) = 0,(2) p ̸= p′ͳΒ͹ D(p,p′) > 0,(3) D(p,p′) = D(p′,p),
(4) ҟͳΔ 3 ͭͷબ޷ p,p′,p′′ʹ͍ͭͯ D(p,p′′) ≤ D(p,p′)+ D(p′,p′′)
͞Βʹɼpɼp′ ʹ͓͍ͯબ޷͕ಉ͡Ͱ͋Δਓʑͷू߹Λ I(p,p′) Ͱද͠ɼબ޷ͷ૊Έ߹Θͤͷڑ཭ʹ͍ͭͯҎ
Լͷ৚݅ΛԾఆ͢Δɻ
ڑ཭ͷௐ࿨ੑ (congruence)
3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼ p′ɼ p′′ʹ͍ͭͯɼͦΕͧΕ͕ 2 ͭͷબ޷ p, p′͚ͩΛؚΈɼ
I(p,p′′) ⊂ I(p,p′) ͔ͭ I(p,p′′) ̸= I(p,p′) ͳΒ͹ D(p,p′) < D(p,p′′) Ͱ͋Δɻ
ͦͷ্Ͱ্هͱಉۙ͡઀ੑͷอଘ৚݅Λ͓͘ʢ࠶ܝ͢Δʣ ɻ
ۙ઀ੑͷอଘ ೚ҙͷ 3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ɼp′′ ʹ͍ͭͯɼD(p,p′′) > D(p,p′) Ͱ͋Δͱ͖ʹ
d(F(p),F(p′)) > d(F(p),F(p′′)) ͱ͸ͳΒͳ͍ɻ
Ҏ্ͷ४උͷ΋ͱʹ࣍ͷఆཧΛࣔ͢ɻ
ఆཧ 4.11. ಗ໊ੑɼશһҰகੑɼۙ઀ੑͷอଘ৚݅Λຬͨࣾ͢ձతްੜؔ਺͸ଘࡏ͠ͳ͍ɻ
ূ໌. ҟͳΔબ޷ p ͱ p′ ʹ͍ͭͯௐ࿨ੑΛຬͨ͢બ޷ͷ૊Έ߹Θͤͷڑ཭ D ΛͱΓɼpɼp′ ΛɼͦΕͧΕ pɼ
p′ ͚͔ͩΒͳΔʢશһ͕ಉ͡બ޷Λ࣋ͭʣબ޷ͷ૊Έ߹Θͤͱ͢Δɻ·ͨ k ਓͷݸਓΛ Kʢ1 ਓҎ্ʣ ɼLʢ1
ਓҎ্Ͱ K ͱਓ਺͕౳͍͠ʣ ɼMʢ1 ਓ·ͨ͸ 0 ਓɼۭू߹Ͱ΋Α͍ʣʹ෼͚Δ*41ɻ͜͜Ͱબ޷ͷ૊Έ߹Θͤ
p1 ΛɼK ͱ M ͷਓʑʹ͍ͭͯ͸ p ͱҰக͠ɼL ͷਓʑʹ͍ͭͯ͸ p′ ͱҰக͢Δબ޷ͷ૊Έ߹ΘͤͰ͋Γɼ
p2 Λ p1 ʹ͓͍ͯ K ͱ L ͷਓʑΛೖΕସ͑ͨબ޷ͷ૊Έ߹ΘͤͰ͋Δͱఆٛ͢Δɻͦ͏͢Δͱಗ໊ੑʹΑͬ
ͯ F(p2) = F(p1) Ͱͳ͚Ε͹ͳΒͳ͍ɻ
I(p,p1) = M ∪ KɼI(p1,p2) = M Ͱ͋Δ͔Βڑ཭ͷௐ࿨ੑʹΑͬͯ D(p,p1) < D(p1,p2) Ͱ͋Γɼ͕ͨͬ͠
ͯۙ઀ੑͷอଘ৚݅ʹΑͬͯ 0≤d(F(p),F(p1))≤d(F(p1),F(p2))=0 Ͱͳ͚Ε͹ͳΒͳ͍ͷͰ F(p1)= F(p)
͕ಘΒΕΔɻ
͜͜Ͱू߹ M ʹ͍ͭͯҎԼͷ 2 ͭͷέʔε͕ߟ͑ΒΕΔɻ
(1). έʔε 1ɿM = ∅ ͷ৔߹
͜ͷͱ͖͸ I(p′,p2) = KɼI(p1,p2) = ∅ Ͱ͋Δ͔Βڑ཭ͷௐ࿨ੑʹΑͬͯ D(p′,p2) < D(p1,p2) Ͱ͋
Γɼ͕ͨͬͯۙ͠઀ੑͷอଘ৚݅ʹΑͬͯ 0 ≤ d(F(p′),F(p2)) ≤ d(F(p1),F(p2)) = 0 Ͱͳ͚Ε͹ͳΒͳ
͍ͷͰ F(p2) = F(p′) ͕ಘΒΕΔɻ
(2). έʔε 2ɿM ̸= ∅ ͷ৔߹
બ޷ͷ૊Έ߹Θͤ p3 ͱͯ͠ K ͱ L ͷਓʑ͸ p′ ͱಉ͡બ޷Λ࣋ͪɼM ͷਓʑ͸ p ͱಉ͡બ޷Λ࣋ͭ
Α͏ͳ΋ͷΛߟ͑Δɻͦͷͱ͖ I(p1,p2) = MɼI(p2,p3) = K ∪ M Ͱ͋Δ͔Β D(p2,p3) < D(p2,p1) ͱ
ͳΓɼۙ઀ੑͷอଘ৚݅ʹΑͬͯ 0 ≤ d(F(p2),F(p3)) ≤ d(F(p2),F(p1)) = 0 ͔Β F(p2) = F(p3) ͕ಘ
ΒΕΔɻ
બ޷ͷ૊Έ߹Θͤ p4 ͱͯ͠ɼL ͷਓʑͷ಺ M ͱಉ͡ਓ਺ͷਓʑʢ1 ਓͰ͋Δ͕ʣ͕ p ͱಉ͡બ޷Λ
࣋ͪɼଞͷਓʑ͸ p′ ͱಉ͡બ޷Λ࣋ͭΑ͏ͳ΋ͷΛͱΔɻ͢Δͱಗ໊ੑʹΑͬͯ F(p4) = F(p3) Ͱ
*41 ཁ͢Δʹશମ͕ۮ਺ͳΒ M ͸ۭू߹ɼح਺ͳΒ M ͸ 1 ਓɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 67
ͳ͚Ε͹ͳΒͳ͍ɻ·ͨ I(p4,p′) = K ∪ M ∪ L′ʢL′ ͸ L ͔Β M ͱಉ͡ਓ਺ͷਓʑΛআ͍ͨू߹ʣ ɼ
I(p4,p3) = K ∪ L′ Ͱ͋Δ͔Β D(p4,p′) < D(p4,p3) ͱͳΔɻ͕ͨͬͯۙ͠઀ੑͷอଘ৚݅ʹΑͬͯ
0 ≤ d(F(p4,F(p′)) ≤ d(F(p4,F(p3)) = 0 ͱͳΔ͔Β F(p4) = F(p′) ΛಘΔɻ
έʔε 1 ͷ৔߹ F(p) = F(p1) = F(p2) = F(p′) ͕ಘΒΕΔɻέʔε 2 ͷ৔߹ F(p) = F(p1) = F(p2) =




ݸਓͷબ޷ɼ͓Αͼࣾձతબ޷ͷڑ཭ 2 ͭͷબ޷ pɼp′ ͷڑ཭Λ d(p, p′) Ͱද͢ɻಉ༷ʹ pɼp′′ ͷڑ཭͸
d(p, p′′) ͱද͞ΕΔɻ
બ޷ͷ૊Έ߹Θͤͷڑ཭ 2 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ ͷڑ཭Λ D(p,p′) Ͱද͢ɻ
͜ΕΒͷڑ཭ʹ͍ͭͯ࠷௿ݶ࣍ͷ৚݅Λ͓͘ɻ
p ̸= p′ͷͱ͖ d(p, p′) > d(p, p)
͓Αͼ
p ̸= p′ͷͱ͖ D(p,p′) > D(p,p)
·ͨɼબ޷ͷ૊Έ߹Θͤͷڑ཭ʹରͯ͋͠Δछͷ୯ௐੑΛԾఆ͢Δɻ
ڑ཭ͷ୯ௐੑ (monotonicity) 2 ͭͷҟͳΔબ޷ͷ૊Έ߹Θͤ pɼp′ ʹ͓͍ͯબ޷͕ҟͳΔਓʑͷू߹Λ
1(p,p′) = {l : pl ̸= p′
l} ͱද͢ɻ೚ҙͷ 3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ɼp′′ ʹ͍ͭͯ 1(p,p′) ⊂ 1(p,p′′)
͔ͭ 1(p,p′)∩1(p′,p′′) = ∅ ͳΒ͹ D(p,p′′) > D(p,p′) Ͱ͋Δɻ
͜ͷ৚݅͸ҎԼͷ͜ͱΛҙຯ͢Δɻp ͱ p′ ͱͰҟͳΔબ޷Λ࣋ͭਓʑ͸ p′ ͱ p′′ ͱͰ͸ಉ͡બ޷Λ࣋
ͪʢ͕ͨͬͯ͠ p ͱ p′′ ͱͰ΋ҟͳΔબ޷Λ࣋ͭʣ ɼ͞Βʹ p ͱ p′ ͱͰಉ͡બ޷Λ͍࣋ͬͯͯ p ͱ p′′






ۙ઀ੑͷอଘ ೚ҙͷ 3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ɼp′′ ʹ͍ͭͯɼD(p,p′′) > D(p,p′) Ͱ͋Δͱ͖ʹ
d(F(p),F(p′)) > d(F(p),F(p′′)) ͱ͸ͳΒͳ͍ɻ
Ҏ্ͷ४උͷ΋ͱʹ࣍ͷఆཧΛࣔ͢ɻࣾձతްੜؔ਺͸ F Ͱද͢ɻ
ఆཧ 4.12. ಗ໊ੑɼඇො՝ੑɼۙ઀ੑͷอଘ৚݅Λຬͨࣾ͢ձతްੜؔ਺͸ଘࡏ͠ͳ͍ɻ
*42 શһҰகੑʹΑͬͯ p ̸= p′ ͳΒ͹ F(p) ̸= F(p′) Ͱͳ͚Ε͹ͳΒͳ͍ɻ
*43 ҎԼͷ಺༰͸ Eckert and Lane(2002) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 68
ূ໌. ඇො՝ੑʹΑͬͯগͳ͘ͱ΋ 2 ͭͷબ޷ pɼp′ ʹ͍ͭͯ F(p) = pɼF(p′) = p′ ͱͳΔΑ͏ͳબ޷ͷ૊
Έ߹Θͤ pɼp′ ͕͋Δɻ1 ਓ 1 ਓͷબ޷͕ݸਓ 1 ͔Βॱʹ p ʹ͓͚Δબ޷͔Β p′ ʹ͓͚Δબ޷΁มԽ͢Δա
ఔͰɼ͋Δݸਓ i ͷબ޷ͷมԽʹΑͬͯࣾձతબ޷͕ p ͱ͸ҟͳΔ΋ͷʹͳΔɻͦΕΛ p′ ͱ͢Δɻͦͷݸਓ
i ͷબ޷͕มԽ͢Δલͱޙͷબ޷ͷ૊Έ߹ΘͤΛ p0ɼp1 Ͱද͢ɻp0 ͱ p1 Λൺֱ͢Δͱݸਓ i ͷબ޷ͷΈ͕ҟ
ͳ͍ͬͯΔɼ͢ͳΘͪ 1(p0,p1) = {i}ɻ͜͜Ͱ࣍ͷ 2 ͭͷέʔεʹ෼͚ͯߟ͑Δɻ
(1). i = 1 Ͱ͸ͳ͍ͱ͖ɻ͞Βʹ 2 ͭͷέʔεʹ෼͚Δɻ
(i) p ʹ͓͚Δݸਓ i ͷબ޷ͱ p′ ʹ͓͚Δݸਓ i −1 ͷબ޷͕ҟͳΔͱ͖
બ޷ͷ૊Έ߹Θͤ p2 ͱͯ͠ɼݸਓ i ͕ p′ ʹ͓͚Δݸਓ i −1 ͷબ޷Λ࣋ͪݸਓ i −1 ͕ p ʹ
͓͚Δݸਓ i ͷબ޷Λ࣋ͭΑ͏ͳ΋ͷΛߟ͑Δͱɼಗ໊ੑʹΑͬͯ F(p2) = F(p0) Ͱ͋Δ͕ɼ
Ұํ 1(p0,p2) = {i −1,i} Ͱ͋Δ͔Βۙ઀ੑͷอଘʹΑͬͯ d(F(p0),F(p2)) = d(F(p0),F(p1))
ʢF(p0) = pɼF(p1) = p′ʣͰͳ͚Ε͹ͳΒͳ͍ɻ͔͠͠ɼͦ͏͢Δͱ F(p2) = F(p0) ͱໃ६͢Δɻ
(ii) p ʹ͓͚Δݸਓ i ͷબ޷ͱ p′ ʹ͓͚Δݸਓ i −1 ͷબ޷͕ಉҰͰ͋Δͱ͖
બ޷ͷ૊Έ߹Θͤ p2 ͱͯ͠ɼݸਓ i ͕ p′ ʹ͓͚Δݸਓ i −1 ͷબ޷Λ࣋ͪݸਓ i −1 ͕ಉ͘͡ p′
ʹ͓͚Δݸਓ i ͷબ޷Λ࣋ͭΑ͏ͳ΋ͷΛߟ͑Δͱɼಗ໊ੑʹΑͬͯ F(p2) = F(p1) Ͱ͋Δ͕ɼҰ
ํ 1(p1,p2) = {i −1,i} Ͱ͋Δ͔Βۙ઀ੑͷอଘʹΑͬͯ d(F(p1),F(p2)) = d(F(p0),F(p1)) Ͱͳ
͚Ε͹ͳΒͳ͍ɻ͔͠͠ɼͦ͏͢Δͱ F(p2) = F(p1) ͱໃ६͢Δɻ
(2). i = 1 ͷͱ͖ɻ͞Βʹ 2 ͭͷέʔεʹ෼͚Δɻ
(i) p ʹ͓͚Δݸਓ 1 ͷબ޷ͱ p ʹ͓͚Δݸਓ 2 ͷબ޷͕ҟͳΔͱ͖
બ޷ͷ૊Έ߹Θͤ p2 ͱͯ͠ɼݸਓ 1 ͕ p ʹ͓͚Δݸਓ 2 ͷબ޷Λ࣋ͪݸਓ 2 ͕ಉ͘͡ p ʹ
͓͚Δݸਓ 1 ͷબ޷Λ࣋ͭΑ͏ͳ΋ͷΛߟ͑Δͱɼಗ໊ੑʹΑͬͯ F(p2) = F(p0) Ͱ͋Δ͕ɼ
Ұํ 1(p0,p2) = {i −1,i} Ͱ͋Δ͔Βۙ઀ੑͷอଘʹΑͬͯ d(F(p0),F(p2)) = d(F(p0),F(p1))
ʢF(p0) = pɼF(p1) = p′ʣͰͳ͚Ε͹ͳΒͳ͍ɻ͔͠͠ɼͦ͏͢Δͱ F(p2) = F(p0) ͱໃ६͢Δɻ
(ii) p ʹ͓͚Δݸਓ 1 ͷબ޷ͱ p ʹ͓͚Δݸਓ 2 ͷબ޷͕ಉҰͰ͋Δͱ͖
બ޷ͷ૊Έ߹Θͤ p2 ͱͯ͠ɼݸਓ 1 ͕ p ʹ͓͚Δݸਓ 2 ͷબ޷Λ࣋ͪݸਓ 2 ͕ p′ ʹ͓͚Δ
ݸਓ 1 ͷબ޷Λ࣋ͭΑ͏ͳ΋ͷΛߟ͑Δͱɼಗ໊ੑʹΑͬͯ F(p2) = F(p1) Ͱ͋Δ͕ɼҰํ
1(p1,p2) = {i −1,i} Ͱ͋Δ͔Βۙ઀ੑͷอଘʹΑͬͯ d(F(p1),F(p2)) = d(F(p0),F(p1)) Ͱͳ͚Ε
͹ͳΒͳ͍ɻ͔͠͠ɼͦ͏͢Δͱ F(p2) = F(p1) ͱໃ६͢Δɻ
,
࣍ʹ্هͷఆཧ͕ಗ໊ੑΑΓऑ͍࣍ͷ৚݅ͷ΋ͱͰ΋੒Γཱͭ͜ͱΛࣔ͢*44ɻ
ڋ൱ݖऀͷඇଘࡏ (no-veto condition) ͋Δબ޷ͷ૊Έ߹Θͤ p ͷͱ͖ F(p) = p Ͱ͋Δͱ͢Δɻඇො՝ੑͷ
Ծఆͷ΋ͱͰ͸ɼ͋Δ 1 ਓͷݸਓʢݸਓ l ͱ͢Δʣͷબ޷ͷมԽʹΑͬͯࣾձతްੜؔ਺ͷબ୒͕มΘ
ΔΑ͏ͳબ޷ͷ૊Έ߹Θ͕ͤ͋Δʢࣾձతްੜؔ਺ʹ 2 ͭҎ্ͷ஋͕͋ΔͷͰ୭͔ͷબ޷ͷมԽʹΑͬ
ͯͦͷ஋͕ p ͔Βผͷ΋ͷʹมΘΔΑ͏ͳબ޷ͷ૊Έ߹Θ͕ͤ͋ΓɼͦΕ͕ p Ͱ͋Δʣ ɻͦͷݸਓͷબ
޷͕มԽͨ͠ޙͷબ޷ͷ૊Έ߹ΘͤΛ p′ɼF(p′) = p′ ͱ͢Δɻ͞Βʹݸਓ l ͷબ޷͕ p′ ʹ͓͚Δબ޷
ͱಉ͡Ͱ͋Ε͹ଞͷਓʑͷબ޷ʹ͔͔ΘΒͣ p ͕બ͹Εͳ͍ͱ͢Δͱݸਓ l ͸ڋ൱ݖΛ࣋ͭɻ͜ͷ৚݅
͸ͦͷΑ͏ͳڋ൱ݖΛ࣋ͭݸਓ͕ଘࡏ͠ͳ͍͜ͱΛٻΊΔ΋ͷͰ͋Δɻ
લʹݟͨಉ໊͡শͷ৚݅ͱ͸ଟগҙຯ͕ҟͳΔɻ
*44 ҎԼͷ಺༰͸ Baigent and Eckert (2001) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 69
Ҏ্ͷ४උͷ΋ͱͰ࣍ͷఆཧΛࣔ͢ɻ
ఆཧ 4.13. ڋ൱ݖऀͷඇଘࡏɼඇො՝ੑɼۙ઀ੑͷอଘΛຬͨࣾ͢ձతްੜؔ਺͸ଘࡏ͠ͳ͍ɻ
ূ໌. ඇො՝ੑʹΑͬͯগͳ͘ͱ΋ 2 ͭͷબ޷ pɼp′ ʹ͍ͭͯ F(p) = pɼF(p′) = p′ ͱͳΔΑ͏ͳબ޷ͷ૊
Έ߹Θͤ pɼp′ ͕͋Δɻ1 ਓ 1 ਓͷબ޷͕ݸਓ 1 ͔Βॱʹ p ʹ͓͚Δબ޷͔Β p′ ʹ͓͚Δબ޷΁มԽ͢Δա
ఔͰɼ͋Δݸਓ i ͷબ޷ͷมԽʹΑͬͯࣾձతબ޷͕ p ͱ͸ҟͳΔ΋ͷʹͳΔɻͦΕΛ p′ ͱ͢Δɻͦͷݸਓ
i ͷબ޷͕มԽ͢Δલͱޙͷબ޷ͷ૊Έ߹ΘͤΛ p0ɼp1 Ͱද͢ɻp0 ͱ p1 Λൺֱ͢Δͱݸਓ i ͷબ޷ͷΈ͕
ҟͳ͍ͬͯΔɼ͢ͳΘͪ 1(p0,p1) = {i}ɻڋ൱ݖऀͷඇଘࡏͷ৚݅ʹΑͬͯݸਓ i ͷબ޷͕ p′ ͱಉ͡··Ͱ
F(p′′) = F(p) = p ͱͳΔΑ͏ͳબ޷ͷ૊Έ߹Θͤ p′′ ͕ଘࡏ͢Δɻp′ ʹ͓͍ͯ͸ݸਓ i Ҏ֎ͷਓʑͷબ޷͸ p





ݸਓͷબ޷ɼ͓Αͼࣾձతબ޷ͷڑ཭ 2 ͭͷબ޷ pɼp′ ͷڑ཭Λ d(p, p′) Ͱද͢ɻ
બ޷ͷ૊Έ߹Θͤͷڑ཭ 2 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ ͷڑ཭Λ D(p,p′) Ͱද͢ɻ
্ͷํͷڑ཭ʹ͍ͭͯҎԼͷ৚݅Λ͓͘ɻ
p ̸= p′ͷͱ͖ d(p, p′) > d(p, p)
͜͜Ͱબ޷ͷ૊Έ߹Θͤͷڑ཭ʹରͯ͠લͷখઅͱ͸ҟͳΔҙຯͰͷ୯ௐੑΛԾఆ͢Δɻ
ʢಗ໊ੑʹԊͬͨʣڑ཭ͷ୯ௐੑ (anonymous monotonicity) 2 ͭͷҟͳΔબ޷ͷ૊Έ߹Θͤ pɼp′ ʹ͓͍ͯ
બ޷͕ҟͳΔਓʑͷू߹Λ 1(p,p′) = {l : pl ̸= p′
l} ͱ͠ɼͦͷू߹ʹؚ·ΕΔਓʑͷ਺Λ |1(p,p′)| ͱද
͢ɻͨͩ͠બ޷Λద౰ʹฒ΂ସ͑ͯಉ͡ʹͳΔ৔߹͸ҟͳΔબ޷ͱ͸ݟͳ͞ͳ͍ɻਖ਼֬ʹݴ͑͹ p′ ʹ
͓͚Δਓʑͷબ޷Λ͍Ζ͍Ζฒ΂͔͑ͯ p ͱҟͳΔબ޷ͷ࣋ͭਓʑͷ਺ͷ࠷খ஋Λ |1(p,p′)| ͱ͢Δɻ





ۙ઀ੑͷอଘ ೚ҙͷ 3 ͭͷબ޷ͷ૊Έ߹Θͤ pɼp′ɼp′′ ʹ͍ͭͯɼD(p,p′′) > D(p,p′) Ͱ͋Δͱ͖ʹ
d(F(p),F(p′)) > d(F(p),F(p′′)) ͱ͸ͳΒͳ͍ɻ
·ͨɼ࣍ͷҙຯͰͷڋ൱ݖऀͷඇଘࡏ৚݅Λ͓͘ɻ
ʢશһҰகੑʹԊͬͨʣڋ൱ݖऀͷඇଘࡏ (no-veto with respect to unanimous proﬁles) શһͷબ޷͕ಉҰ
Ͱ͋ΔΑ͏ͳ͋Δબ޷ͷ૊Έ߹Θͤ p ʹ͓͍ͯ F(p) = p Ͱ͋ΓʢF ͸ࣾձతްੜؔ਺ʣ ɼ͋Δάϧʔ
ϓͷਓʑͷબ޷ͷมԽʹΑͬͯࣾձతްੜؔ਺ͷબ୒͕มΘΔ΋ͷͱ͢ΔɻͦͷΑ͏ͳάϧʔϓͷ಺࠷
*45 ҎԼͷ಺༰͸ Eckert (2004) ʹΑΔɻ4 ࣾձతબ୒ཧ࿦΁ͷԠ༻ 70
΋খ͍͞ʢਓ਺͕গͳ͍ʣ΋ͷΛ G Ͱද͠ɼG ͷਓʑͷબ޷ͷมԽʹΑͬͯࣾձతްੜؔ਺ͷબ୒͕
มΘͬͨޙͷ͋Δબ޷ͷ૊Έ߹ΘͤΛ p′ ͱ͢ΔɻG ͸ p ʹΑͬͯҟͳΔ͔΋͠Εͳ͍͕ɼͦΕΒͷ಺
࠷΋খ͍͞΋ͷΛվΊͯ G ͱ͢Δɻ΋͠ɼάϧʔϓ G ͷਓʑͷબ޷͕ p′ ʹ͓͚Δબ޷ͱಉ͡ͳΒ͹




্ͷ G ͸શһ͔ΒͳΔू߹Ͱ͸ͳ͍ɻͦ͏Ͱ͋Δͱͯ͠ΈΑ͏ɻશһ͕ p ͷબ޷Λ࣋ͯ͹ F ͸ p Λ
બͼɼશһ͕ p ͱ͸ҟͳΔ p′ ͷબ޷Λ࣋ͯ͹ F ͸ p′ ΛબͿɻ͕ͨͬͯ͠ݸਓͷબ޷͕ p ͔Β p′ ΁ 1
ਓͮͭมΘΔաఔͷͲ͔͜Ͱ F ͷબ୒͸มΘΔʢ͙͢ p′ ʹͳΔͱ͸ݶΒͳ͍ʣ ɻͦ͜·Ͱʹબ޷͕ p′
ʹมԽͨ͠ਓʑͷू߹͕ G ͷީิͱͳΔɻ΋͠શһͷબ޷͕ p′ ʹͳͬͨͱ͖ʹ F ͷબ୒͕ p ͔Β p′
ʹมΘΔͷͰ͋Ε͹ɼͦͷաఔΛٯʹ୧Δͱ 1 ਓͷબ޷ͷมԽʹΑͬͯ F ͷબ୒͕มΘΔ͜ͱʹͳΔɻ
͕ͨͬͯ͠ G ͸શһͷબ޷ΑΓ͸খ͘͞ɼG ʹؚ·Εͳ͍ਓʑ΋ଘࡏ͢Δɻ
Ҏ্ͷ४උͷ΋ͱʹ࣍ͷఆཧΛࣔ͢ɻ
ఆཧ 4.14. ʢશһҰகੑʹԊͬͨʣڋ൱ݖऀͷඇଘࡏɼશһҰகੑɼ ʢಗ໊ੑʹԊͬͨʣڑ཭ͷ୯ௐੑʹΑͬͯ
ఆٛ͞Εͨۙ઀ੑͷอଘΛຬͨࣾ͢ձతްੜؔ਺͸ଘࡏ͠ͳ͍ɻ
ূ໌. શһͷબ޷͕ಉҰͰ͋ΔΑ͏ͳ͋Δબ޷ͷ૊Έ߹Θͤ p ʹ͓͍ͯ F(p) = p Ͱ͋Γɼ্هͷάϧʔϓ G
ͷਓʑͷબ޷ͷมԽʹΑͬͯ F ͷબ୒͕มΘΔ΋ͷͱ͢ΔɻมԽͨ͠ޙͷબ޷Λ p′ ͱ͢ΔɻG ͸ڋ൱ݖΛ࣋
ͨͳ͍ͷͰ G ͷਓʑͷબ޷͕ p′ ͷ··Ͱଞͷਓʑͷબ޷͕ p ͷબ޷͔ΒมԽͯ͠ F ͕ p ΛબͿ৔߹͕͋Δɻ
ͦͷͱ͖ͷબ޷ͷ૊Έ߹ΘͤΛ p′′ ͱ͢Δͱ |1(p,p′)|>0 ʢ|1(p,p′)| ͸ G ͷਓʑͷਓ਺ʣ ɼ |1(p′,p′′)|>0(=1)
Ͱ͋Δɻ͜ͷͱ͖ |1(p,p′′)| = |1(p,p′)|+|1(p′,p′′)| Ͱ͋Δ͔Β |1(p,p′′)| > |1(p,p′)| ͳͷͰ D(p,p′′) >
D(p,p′) Ͱͳ͚Ε͹ͳΒͳ͍ɻͦͷͱ͖ۙ઀ੑͷอଘ৚݅ʹΑͬͯ d(F(p),F(p′′)) > d(F(p),F(p′)) Ͱͳ͚Ε
͹ͳΒͳ͍͕ɼҰํ F(p) = F(p′′) = p ̸= F(p′) = Ͱ͋Δ͔Βໃ६͕ੜ͡Δɻ ,ࢀߟจݙ 71
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